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Abstract – The forces exerted by growing crystals on the surrounding materials play a major role
in many geological processes, from diagenetic replacement to rock weathering and uplifting of rocks
and soils. Although crystallization is a nonequilibrium process, the available theoretical prediction
for these forces are based on equilibrium thermodynamics. Here we show that nonequilibrium
effects can lead to a drop of the crystallization force in large pores where the crystal surface
dissociates from the surrounding walls during growth. The critical pore size above which such
detachment can be observed depends only on the ratio of kinetic coefficients and cannot be predicted
from thermodynamics. Our conclusions are based on a physical model which accounts for the
nonequilibrium kinetics of mass transport, and disjoining pressure effects within the thin liquid
film separating the crystal and the surrounding walls. Our results suggest that the maximum size
of the pores that can sustain crystallization forces close to the equilibrium prediction ranges from
micrometers for salts to a millimetre for low solubility minerals such as calcite. These results are
discussed in the light of recent experimental observations of the growth of confined salt crystals.
Introduction. – The force of crystallization refers to
the force that a crystal exerts on the surrounding walls
when growing in confinement, for instance in a pore of a
host material [1, 2]. These forces play a role in various
geological processes. For example frost [3, 4] or growth of
veins in the Earth’s crust [5, 6], produce brobdingnagian
forces that are able to heave the soil. They also play
a role in diagenetic replacement [7] and are one of the
major processes involved in rock weathering [8]. Recently,
crystallisation forces have attracted renewed interest due
to their role in the weathering of buildings and historical
heritage [9–11].
The current understanding of the force of crystallization
relies on equilibrium thermodynamics [12–14]. Some recent
experiments have been proposed to test these equilibrium
predictions directly and quantitatively [15–17]. Moreover,
some theoretical approaches have been proposed to describe
nonequilibrium effects [17–19]. However, these approaches
do not account for the nonequilibrium processes at play
within the contact, which combine mass transport kinet-
ics and physical forces such as disjoining pressures and
surface tension. Using a nonequilibrium thin film model
to describe the dynamics within contacts, we show that
growing crystals cannot expand their contact regions with
the surrounding walls in large pores. Instead, the crystal
surface dissociates from the walls leading to a drastic drop
of the crystallisation force. This phenomenon is controlled
by a balance between diffusion and precipitation kinetics.
The critical pore size above which the force of crystalliza-
tion vanishes ranges from micrometers for high solubility
crystals such as salts, to the millimetre for low solubility
systems such as Calcite.
Our modelling strategy relies on the assumption that a
thin liquid film is present in the contact region between the
crystal and the wall. Such a liquid film can be sustained
by disjoining forces when the contact is hydrophilic, as
shown in recent experiments [16]. A liquid film can also be
maintained in the contact when the substrate is rough, or
in the presence of dust particles, as observed in other exper-
iments [20]. The evolution of the crystal morphology due
to growth or dissolution in the contact region is described
by the thin film model introduced in Refs. [21,22], which
accounts for disjoining pressure, surface tension, diffusion,
and surface kinetics. For the sake of definiteness, we focus
on a Hele-Shaw geometry, where an axisymmetric crystal
grows between two flat and parallel walls with a purely
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repulsive disjoining pressure.
We first show that such a model reproduces the expected
equilbrium thermodynamic expression for the pressure of
crystallization [12]. We find that the force is proportional
to the area of contact, and we asseverate the need for a
precise conventional definition of the contact size to clarify
the discussion on possible correction terms.
In a second part, we focus on non-equilibrium effects. We
model the growth of a crystal with fixed supersaturation
at the edge of the contact region. We find two different
types of dynamics depending on the value of the dimension-
less Darmko¨hler number, which describes the competition
between surface kinetics and diffusion kinetics. For slow
surface kinetics, the contact grows and the nonequilibrium
crystallization pressure is close to the equilibrium predic-
tion. However, for fast enough surface kinetics, the crystal
surface in the contact detaches from the substrate. Af-
ter the detachment, the part of the crystal surface which
is still in contact with the substrate dissolves, and the
crystallization force drops and vanishes.
Model. – We employ a thin film model [20–23] describ-
ing the evolution of a rigid crystal in a region, hereafter
called the contact region, where the crystal is in the vicinity
of a flat substrate. The model was derived in the small
slope limit (also called the lubrication expansion) [24].
Here, we introduce the equations from intuitive physical
motivations. The reader interested in the full derivation
of the model equations should refer to Refs. [21, 22]. In
order to simplify the model we consider the case of equal
densities between the crystal and the liquid. In addition,
we have assumed the dilute limit for the concentration of
crystal ions or molecules in the liquid.
We consider a crystal between two flat walls, and we
focus on an axisymmetric geometry around the z axis,
depicted in the left panel of fig. 1. Furthermore, we assume
the up-down symmetry z ↔ −z, so that the two contacts
have identical shapes and sizes. The thickness of the liquid
film is denoted as ζ(r, t), where r is the radial coordinate,
and t is time. Due to the up-down symmetry, there is no
translation of the bulk of the crystal along z, and the local
growth rate of the crystal projected along z, vz(r, t), is
vz = −∂tζ . (1)
Moreover, the local concentration in the contact c(r, t) and
vz obey simultaneously two relations
vz
Ω
=
1
r
∂r [rζD∂rc] , (2a)
vz
Ω
= ν [c− ceq] , (2b)
where Ω the molecular volume of molecules in the solid, D
is the diffusion coefficient, and ν the surface kinetic coef-
ficient. The first relation accounts for diffusion-mediated
mass transport along the liquid film. Remark that the
total diffusion mass flux JD = −ζD∂rc along the film is
proportional to the film thickness ζ(r, t). The second equa-
tion states that the local growth rate is proportional to the
departure from equilibrium measured by the concentration.
The coefficient of proportionality ν is called the surface
kinetics coefficient.
The equilibrium concentration ceq(r, t) in eq. (2b) de-
scribes the concentration at which attachment and detach-
ment rates compensate, leading to a vanishing growth rate.
When c = ceq, the chemical potential in the liquid ∆µL(c)
is equal to the interface chemical potential ∆µ, which ac-
counts for the cost for displacing or deforming the interface
by adding or removing molecules from the solid [25,26]. In
the dilute ideal limit
∆µL(c) = kBT ln[c/c0] , (3a)
∆µ = Ω [γ˜κ− U ′(ζ)] , (3b)
where kBT is the thermal energy, and c0 is a reference
concentration (often referred to as the solubility). The first
contribution in ∆µ accounts for surface tension effects, and
is the product of the stiffness γ˜ at the orientation of the
crystal parallel to the substrate, with the local curvature κ.
Within our small slope axisymmetric geometry 1, we have
κ = ∂rrζ + ∂rζ/r. The second term contains the disjoining
pressure U ′(ζ), which is the derivative of the interaction
potential U(ζ) between the substrate and the crystal-liquid
interface. In this paper, we will only discuss the case of
purely repulsive potentials, for which U ′(ζ) < 0. This
situation corresponds to vanishing macroscopic contact
angles.
Using eqs. (3a) and (3b), the relation ∆µL(ceq) = ∆µ
allows to express ceq as a function of ζ. Inserting this
expression into eq. (2b) and eliminating c between eqs. (2a)
and (2b) yields an equation for vz(r, t) as a function of
ζ(r, t)
vz
D
− 1
νr
∂r [rζ∂rvz] =
Ωc0
r
∂r
[
rζ∂re
[γ˜κ−U ′(ζ)]Ω/kBT
]
.
(4)
The solution of this equation provides vz, and the evolution
of the local film width ζ can finally be computed from
eq. (1).
Once the film thickness ζ is determined, the force of
crystallization can be computed as the integral of the
disjoining pressure over the contact area [21]:
F = −2pi
∫ rbc
0
dr rU ′(ζ) , (5)
where r = rbc is located outside the contact region, i.e. in
a zone where ζ(rbc) is large enough for U
′(ζ(rbc)) to be
negligible.
1Two remarks are in order. First, the stiffness tensor is described
by a single scalar in the small slope axisymmetric geometry. Second,
our description based on the curvature fails in the presence of sin-
gular facets. However, such situations can be handled by a suitable
cutoff regularization to achieve a strongly anisotropic behaviour, as
discussed in [20,27,28].
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Fig. 1: Left panel: Sketch of the axisymmetric model geometry. Section of the crystal along the radial coordinate r
(solid and dotted blue lines). The parallel walls are represented in yellow. The dashed grey rectangle delimits the contact
region described by the thin film equations. Notations are given in the main text. Right panel: equilibrium simulations
results. b) Normalized contact radius estimates, L¯, based on three different methods as discussed in the text, and
target value r¯tl. The size of the simulation box is R¯0 = 40.6; c) Normalized equilibrium pressure, P¯ = F¯ /(piL¯
2) versus
supersaturation using criterion (iii) to compute L¯. The dashed line reports the equilibrium expression eq. (10).
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<latexit sha1_base64="CV8yC7bkY4Db7WpXpvxxJS5Udcc=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiEiBB2RdBjQA8eI5gHJMvSO+nEIbMPZnqFsOToV3jVkzfx6od48F/crDloYp2Kqm66uvxYSUO2/WkVVlbX1jeKm6Wt7Z3dcmVv v22iRAtsiUhFuuuDQSVDbJEkhd1YIwS+wo4/vpr5nQfURkbhHU1idAMYhXIoBVAmeZVyzTntGzkKwEt9MT3xKlW7bufgy8SZkyqbo+lVvvqDSCQBhiQUGNNz7JjcFDRJoXBa6icGYxBjGGEvoyEEaNw0Dz7lx4kBiniMmkvFcxF/b6QQGDMJ/GwyALo3i95M/M/rJTS8dFMZxglhKGaHSCrMDxmhZdYI8oHUSASz5MhlyAVoIEItOQiRiUlWUSnrw1n8fpm0z+qOXXduz6uN63kzRXbIjliNOeyCNdgNa7IWEyxhT+yZvViP1qv1Zr3/jBas+c4B+wPr4xuMKpb+</latexit><latexit sha1_base64="CV8yC7bkY4Db7WpXpvxxJS5Udcc=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiEiBB2RdBjQA8eI5gHJMvSO+nEIbMPZnqFsOToV3jVkzfx6od48F/crDloYp2Kqm66uvxYSUO2/WkVVlbX1jeKm6Wt7Z3dcmVv v22iRAtsiUhFuuuDQSVDbJEkhd1YIwS+wo4/vpr5nQfURkbhHU1idAMYhXIoBVAmeZVyzTntGzkKwEt9MT3xKlW7bufgy8SZkyqbo+lVvvqDSCQBhiQUGNNz7JjcFDRJoXBa6icGYxBjGGEvoyEEaNw0Dz7lx4kBiniMmkvFcxF/b6QQGDMJ/GwyALo3i95M/M/rJTS8dFMZxglhKGaHSCrMDxmhZdYI8oHUSASz5MhlyAVoIEItOQiRiUlWUSnrw1n8fpm0z+qOXXduz6uN63kzRXbIjliNOeyCNdgNa7IWEyxhT+yZvViP1qv1Zr3/jBas+c4B+wPr4xuMKpb+</latexit><latexit sha1_base64="CV8yC7bkY4Db7WpXpvxxJS5Udcc=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiEiBB2RdBjQA8eI5gHJMvSO+nEIbMPZnqFsOToV3jVkzfx6od48F/crDloYp2Kqm66uvxYSUO2/WkVVlbX1jeKm6Wt7Z3dcmVv v22iRAtsiUhFuuuDQSVDbJEkhd1YIwS+wo4/vpr5nQfURkbhHU1idAMYhXIoBVAmeZVyzTntGzkKwEt9MT3xKlW7bufgy8SZkyqbo+lVvvqDSCQBhiQUGNNz7JjcFDRJoXBa6icGYxBjGGEvoyEEaNw0Dz7lx4kBiniMmkvFcxF/b6QQGDMJ/GwyALo3i95M/M/rJTS8dFMZxglhKGaHSCrMDxmhZdYI8oHUSASz5MhlyAVoIEItOQiRiUlWUSnrw1n8fpm0z+qOXXduz6uN63kzRXbIjliNOeyCNdgNa7IWEyxhT+yZvViP1qv1Zr3/jBas+c4B+wPr4xuMKpb+</latexit><latexit sha1_base64="CV8yC7bkY4Db7WpXpvxxJS5Udcc=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiEiBB2RdBjQA8eI5gHJMvSO+nEIbMPZnqFsOToV3jVkzfx6od48F/crDloYp2Kqm66uvxYSUO2/WkVVlbX1jeKm6Wt7Z3dcmVv v22iRAtsiUhFuuuDQSVDbJEkhd1YIwS+wo4/vpr5nQfURkbhHU1idAMYhXIoBVAmeZVyzTntGzkKwEt9MT3xKlW7bufgy8SZkyqbo+lVvvqDSCQBhiQUGNNz7JjcFDRJoXBa6icGYxBjGGEvoyEEaNw0Dz7lx4kBiniMmkvFcxF/b6QQGDMJ/GwyALo3i95M/M/rJTS8dFMZxglhKGaHSCrMDxmhZdYI8oHUSASz5MhlyAVoIEItOQiRiUlWUSnrw1n8fpm0z+qOXXduz6uN63kzRXbIjliNOeyCNdgNa7IWEyxhT+yZvViP1qv1Zr3/jBas+c4B+wPr4xuMKpb+</latexit>
(  bc)
<latexit sha1_base64="qeKj/NMrguQB11GpOhjRj7kMssk=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiEiBB2RdBjwIveIpgHJMvSO+nEIbMPZnqFsOToV3jVkzfx6od48F/crDloYp2Kqm66uvxYSUO2/WkVVlbX1jeKm6Wt7Z3dcmVvv22iRAtsiU hFuuuDQSVDbJEkhd1YIwS+wo4/vpr5nQfURkbhHU1idAMYhXIoBVAmeZVyzTntGzkKwEt9MT3xKlW7bufgy8SZkyqbo+lVvvqDSCQBhiQUGNNz7JjcFDRJoXBa6icGYxBjGGEvoyEEaNw0Dz7lx4kBiniMmkvFcxF/b6QQGDMJ/GwyALo3i95M/M/rJTS8dFMZxglhKGaHSCrMDxmhZdYI8oHUSASz5MhlyAVoIEItOQiRiUlWUSnrw1n8fpm0z+qOXXduz6uNm3kzRXbIjliNOeyCNdg1a7IWEyxhT+yZvViP1qv1Zr3/jBas+c4B+wPr4xuNq5cD</latexit><latexit sha1_base64="qeKj/NMrguQB11GpOhjRj7kMssk=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiEiBB2RdBjwIveIpgHJMvSO+nEIbMPZnqFsOToV3jVkzfx6od48F/crDloYp2Kqm66uvxYSUO2/WkVVlbX1jeKm6Wt7Z3dcmVvv22iRAtsiU hFuuuDQSVDbJEkhd1YIwS+wo4/vpr5nQfURkbhHU1idAMYhXIoBVAmeZVyzTntGzkKwEt9MT3xKlW7bufgy8SZkyqbo+lVvvqDSCQBhiQUGNNz7JjcFDRJoXBa6icGYxBjGGEvoyEEaNw0Dz7lx4kBiniMmkvFcxF/b6QQGDMJ/GwyALo3i95M/M/rJTS8dFMZxglhKGaHSCrMDxmhZdYI8oHUSASz5MhlyAVoIEItOQiRiUlWUSnrw1n8fpm0z+qOXXduz6uNm3kzRXbIjliNOeyCNdg1a7IWEyxhT+yZvViP1qv1Zr3/jBas+c4B+wPr4xuNq5cD</latexit><latexit sha1_base64="qeKj/NMrguQB11GpOhjRj7kMssk=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiEiBB2RdBjwIveIpgHJMvSO+nEIbMPZnqFsOToV3jVkzfx6od48F/crDloYp2Kqm66uvxYSUO2/WkVVlbX1jeKm6Wt7Z3dcmVvv22iRAtsiU hFuuuDQSVDbJEkhd1YIwS+wo4/vpr5nQfURkbhHU1idAMYhXIoBVAmeZVyzTntGzkKwEt9MT3xKlW7bufgy8SZkyqbo+lVvvqDSCQBhiQUGNNz7JjcFDRJoXBa6icGYxBjGGEvoyEEaNw0Dz7lx4kBiniMmkvFcxF/b6QQGDMJ/GwyALo3i95M/M/rJTS8dFMZxglhKGaHSCrMDxmhZdYI8oHUSASz5MhlyAVoIEItOQiRiUlWUSnrw1n8fpm0z+qOXXduz6uNm3kzRXbIjliNOeyCNdg1a7IWEyxhT+yZvViP1qv1Zr3/jBas+c4B+wPr4xuNq5cD</latexit><latexit sha1_base64="qeKj/NMrguQB11GpOhjRj7kMssk=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiEiBB2RdBjwIveIpgHJMvSO+nEIbMPZnqFsOToV3jVkzfx6od48F/crDloYp2Kqm66uvxYSUO2/WkVVlbX1jeKm6Wt7Z3dcmVvv22iRAtsiU hFuuuDQSVDbJEkhd1YIwS+wo4/vpr5nQfURkbhHU1idAMYhXIoBVAmeZVyzTntGzkKwEt9MT3xKlW7bufgy8SZkyqbo+lVvvqDSCQBhiQUGNNz7JjcFDRJoXBa6icGYxBjGGEvoyEEaNw0Dz7lx4kBiniMmkvFcxF/b6QQGDMJ/GwyALo3i95M/M/rJTS8dFMZxglhKGaHSCrMDxmhZdYI8oHUSASz5MhlyAVoIEItOQiRiUlWUSnrw1n8fpm0z+qOXXduz6uNm3kzRXbIjliNOeyCNdg1a7IWEyxhT+yZvViP1qv1Zr3/jBas+c4B+wPr4xuNq5cD</latexit>
P
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)
<latexit sha1_base64="0e/nloubvMyeWa2lHTliw8Bd+vM=">AAACCXicbVDLTgJBEJzFF+ILNZ68TCQmeMFdY6JHohc9iQkgCUtI79DghNlHZnpNyIYv8Cu86smb8epXePBfXFYOCtapUtWd6i4vUtKQbX9auYXFpeWV/GphbX1jc6u4vdM0YawFNkSoQt3ywKCSATZIksJWpBF8T+GdN7yc+HcPqI0MgzqNIuz4MAhkXwqgVOoW92ouSR8Nd298HMBxedi9qB91iyW7Ymfg88SZkhKbotYtfrm9UMQ+BiQUGNN27Ig6CWiSQuG44MYGIxBDGGA7pQGkkZ0kO3/MD2MDFPIINZeKZyL+3kjAN2bke+mkD3RvZr2J+J/Xjql/3klkEMWEgZgEkVSYBRmhZdoL8p7USASTy5HLgAvQQIRachAiFeO0qELahzP7/TxpnlQcu+Lcnpaq19Nm8myfHbAyc9gZq7IrVmMNJljCntgze7EerVfrzXr/Gc1Z051d9gfWxzd+t5kc</latexit><latexit sha1_base64="0e/nloubvMyeWa2lHTliw8Bd+vM=">AAACCXicbVDLTgJBEJzFF+ILNZ68TCQmeMFdY6JHohc9iQkgCUtI79DghNlHZnpNyIYv8Cu86smb8epXePBfXFYOCtapUtWd6i4vUtKQbX9auYXFpeWV/GphbX1jc6u4vdM0YawFNkSoQt3ywKCSATZIksJWpBF8T+GdN7yc+HcPqI0MgzqNIuz4MAhkXwqgVOoW92ouSR8Nd298HMBxedi9qB91iyW7Ymfg88SZkhKbotYtfrm9UMQ+BiQUGNN27Ig6CWiSQuG44MYGIxBDGGA7pQGkkZ0kO3/MD2MDFPIINZeKZyL+3kjAN2bke+mkD3RvZr2J+J/Xjql/3klkEMWEgZgEkVSYBRmhZdoL8p7USASTy5HLgAvQQIRachAiFeO0qELahzP7/TxpnlQcu+Lcnpaq19Nm8myfHbAyc9gZq7IrVmMNJljCntgze7EerVfrzXr/Gc1Z051d9gfWxzd+t5kc</latexit><latexit sha1_base64="0e/nloubvMyeWa2lHTliw8Bd+vM=">AAACCXicbVDLTgJBEJzFF+ILNZ68TCQmeMFdY6JHohc9iQkgCUtI79DghNlHZnpNyIYv8Cu86smb8epXePBfXFYOCtapUtWd6i4vUtKQbX9auYXFpeWV/GphbX1jc6u4vdM0YawFNkSoQt3ywKCSATZIksJWpBF8T+GdN7yc+HcPqI0MgzqNIuz4MAhkXwqgVOoW92ouSR8Nd298HMBxedi9qB91iyW7Ymfg88SZkhKbotYtfrm9UMQ+BiQUGNN27Ig6CWiSQuG44MYGIxBDGGA7pQGkkZ0kO3/MD2MDFPIINZeKZyL+3kjAN2bke+mkD3RvZr2J+J/Xjql/3klkEMWEgZgEkVSYBRmhZdoL8p7USASTy5HLgAvQQIRachAiFeO0qELahzP7/TxpnlQcu+Lcnpaq19Nm8myfHbAyc9gZq7IrVmMNJljCntgze7EerVfrzXr/Gc1Z051d9gfWxzd+t5kc</latexit><latexit sha1_base64="0e/nloubvMyeWa2lHTliw8Bd+vM=">AAACCXicbVDLTgJBEJzFF+ILNZ68TCQmeMFdY6JHohc9iQkgCUtI79DghNlHZnpNyIYv8Cu86smb8epXePBfXFYOCtapUtWd6i4vUtKQbX9auYXFpeWV/GphbX1jc6u4vdM0YawFNkSoQt3ywKCSATZIksJWpBF8T+GdN7yc+HcPqI0MgzqNIuz4MAhkXwqgVOoW92ouSR8Nd298HMBxedi9qB91iyW7Ymfg88SZkhKbotYtfrm9UMQ+BiQUGNN27Ig6CWiSQuG44MYGIxBDGGA7pQGkkZ0kO3/MD2MDFPIINZeKZyL+3kjAN2bke+mkD3RvZr2J+J/Xjql/3klkEMWEgZgEkVSYBRmhZdoL8p7USASTy5HLgAvQQIRachAiFeO0qELahzP7/TxpnlQcu+Lcnpaq19Nm8myfHbAyc9gZq7IrVmMNJljCntgze7EerVfrzXr/Gc1Z051d9gfWxzd+t5kc</latexit>
1 +  )
<latexit sha1_base64="bCA8aq/oAvMvDkhVPn+fPq6TshA=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMQEcKuCHoMeNFbBPPAZAm9k04cMju7zPQKIcSv8Konb+LVf/Hgv7iJe9DEOhVV3XR1BbGSllz308ktLa+sruXXCxubW9s7xd29 ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4OfWbD2isjPQtjWL0Qxho2ZcCKJXuyt5Jx8pBCMfdYsmtuDPwReJlpMQy1LrFr04vEkmImoQCa9ueG5M/BkNSKJwUOonFGMQQBthOqYYQrT+eJZ7wo8QCRTxGw6XiMxF/b4whtHYUBulkCHRv572p+J/XTqh/4Y+ljhNCLaaHSCqcHbLCyLQK5D1pkAimyZFLzQUYIEIjOQiRiknaTSHtw5v/fpE0Titeym/OStXrrJk8O2CHrMw8ds6q7IrVWJ0JptkTe2YvzqPz6rw57z+jOSfb2Wd/4Hx8A/y2lIQ=</latexit><latexit sha1_base64="bCA8aq/oAvMvDkhVPn+fPq6TshA=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMQEcKuCHoMeNFbBPPAZAm9k04cMju7zPQKIcSv8Konb+LVf/Hgv7iJe9DEOhVV3XR1BbGSllz308ktLa+sruXXCxubW9s7xd29 ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4OfWbD2isjPQtjWL0Qxho2ZcCKJXuyt5Jx8pBCMfdYsmtuDPwReJlpMQy1LrFr04vEkmImoQCa9ueG5M/BkNSKJwUOonFGMQQBthOqYYQrT+eJZ7wo8QCRTxGw6XiMxF/b4whtHYUBulkCHRv572p+J/XTqh/4Y+ljhNCLaaHSCqcHbLCyLQK5D1pkAimyZFLzQUYIEIjOQiRiknaTSHtw5v/fpE0Titeym/OStXrrJk8O2CHrMw8ds6q7IrVWJ0JptkTe2YvzqPz6rw57z+jOSfb2Wd/4Hx8A/y2lIQ=</latexit><latexit sha1_base64="bCA8aq/oAvMvDkhVPn+fPq6TshA=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMQEcKuCHoMeNFbBPPAZAm9k04cMju7zPQKIcSv8Konb+LVf/Hgv7iJe9DEOhVV3XR1BbGSllz308ktLa+sruXXCxubW9s7xd29 ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4OfWbD2isjPQtjWL0Qxho2ZcCKJXuyt5Jx8pBCMfdYsmtuDPwReJlpMQy1LrFr04vEkmImoQCa9ueG5M/BkNSKJwUOonFGMQQBthOqYYQrT+eJZ7wo8QCRTxGw6XiMxF/b4whtHYUBulkCHRv572p+J/XTqh/4Y+ljhNCLaaHSCqcHbLCyLQK5D1pkAimyZFLzQUYIEIjOQiRiknaTSHtw5v/fpE0Titeym/OStXrrJk8O2CHrMw8ds6q7IrVWJ0JptkTe2YvzqPz6rw57z+jOSfb2Wd/4Hx8A/y2lIQ=</latexit><latexit sha1_base64="bCA8aq/oAvMvDkhVPn+fPq6TshA=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMQEcKuCHoMeNFbBPPAZAm9k04cMju7zPQKIcSv8Konb+LVf/Hgv7iJe9DEOhVV3XR1BbGSllz308ktLa+sruXXCxubW9s7xd29 ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4OfWbD2isjPQtjWL0Qxho2ZcCKJXuyt5Jx8pBCMfdYsmtuDPwReJlpMQy1LrFr04vEkmImoQCa9ueG5M/BkNSKJwUOonFGMQQBthOqYYQrT+eJZ7wo8QCRTxGw6XiMxF/b4whtHYUBulkCHRv572p+J/XTqh/4Y+ljhNCLaaHSCqcHbLCyLQK5D1pkAimyZFLzQUYIEIjOQiRiknaTSHtw5v/fpE0Titeym/OStXrrJk8O2CHrMw8ds6q7IrVWJ0JptkTe2YvzqPz6rw57z+jOSfb2Wd/4Hx8A/y2lIQ=</latexit>
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)
<latexit sha1_base64="6FBBKBqCvGMYgirjx5HkNUjrAwE=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4kJXnAXTfRINCbexIRXAoT0Dg1OmH1kptcEN/yAX+FVT96MV//Cg//ighwUrFOlqjvVXW6opCHb/rRSC4tLyyvp1cza+sbmVnZ7p2aCSAusikAFuuGCQSV9rJIkhY1QI3iuwro7uBz79XvURgZ+hYYhtj3o+7InBVAidbJ75RZJD03rxsM+HOcHnYvKUSebswv2BHyeOFOSY1OUO9mvVjcQkYc+CQXGNB07pHYMmqRQOMq0IoMhiAH0sZlQH5LEdjy5fsQPIwMU8BA1l4pPRPy9EYNnzNBzk0kP6M7MemPxP68ZUe+8HUs/jAh9MQ4iqXASZISWSS3Iu1IjEYwvRy59LkADEWrJQYhEjJKeMkkfzuz386RWLDgnheLtaa50NW0mzfbZAcszh52xErtmZVZlgj2wJ/bMXqxH69V6s95/RlPWdGeX/YH18Q0jT5jy</latexit>
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r¯tl
<latexit sha1_base64="FIz7iwGGOiU4l40PY2rK7O8L5dY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF71FMA/ILqF30olDZh/M9AphWfArvOrJm3j1Vzz4L27WPWhinYqqbrq6/FhJQ7b9aVVWVtfWN6qbta3tnd29+v5B10SJFtgRkYp03weDSobYIUkK+7FGCHyFPX96Nfd7D6iNjMI7msXoBTAJ5VgKoFx yXR90qrNhSiob1ht20y7Al4lTkgYr0R7Wv9xRJJIAQxIKjBk4dkxeCpqkUJjV3MRgDGIKExzkNIQAjZcWmTN+khigiMeouVS8EPH3RgqBMbPAzycDoHuz6M3F/7xBQuNLL5VhnBCGYn6IpMLikBFa5mUgH0mNRDBPjlyGXIAGItSSgxC5mOTt1PI+nMXvl0n3rOnYTef2vNG6KZupsiN2zE6Zwy5Yi12zNuswwWL2xJ7Zi/VovVpv1vvPaMUqdw7ZH1gf35lAlrA=</latexit><latexit sha1_base64="FIz7iwGGOiU4l40PY2rK7O8L5dY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF71FMA/ILqF30olDZh/M9AphWfArvOrJm3j1Vzz4L27WPWhinYqqbrq6/FhJQ7b9aVVWVtfWN6qbta3tnd29+v5B10SJFtgRkYp03weDSobYIUkK+7FGCHyFPX96Nfd7D6iNjMI7msXoBTAJ5VgKoFx yXR90qrNhSiob1ht20y7Al4lTkgYr0R7Wv9xRJJIAQxIKjBk4dkxeCpqkUJjV3MRgDGIKExzkNIQAjZcWmTN+khigiMeouVS8EPH3RgqBMbPAzycDoHuz6M3F/7xBQuNLL5VhnBCGYn6IpMLikBFa5mUgH0mNRDBPjlyGXIAGItSSgxC5mOTt1PI+nMXvl0n3rOnYTef2vNG6KZupsiN2zE6Zwy5Yi12zNuswwWL2xJ7Zi/VovVpv1vvPaMUqdw7ZH1gf35lAlrA=</latexit><latexit sha1_base64="FIz7iwGGOiU4l40PY2rK7O8L5dY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF71FMA/ILqF30olDZh/M9AphWfArvOrJm3j1Vzz4L27WPWhinYqqbrq6/FhJQ7b9aVVWVtfWN6qbta3tnd29+v5B10SJFtgRkYp03weDSobYIUkK+7FGCHyFPX96Nfd7D6iNjMI7msXoBTAJ5VgKoFx yXR90qrNhSiob1ht20y7Al4lTkgYr0R7Wv9xRJJIAQxIKjBk4dkxeCpqkUJjV3MRgDGIKExzkNIQAjZcWmTN+khigiMeouVS8EPH3RgqBMbPAzycDoHuz6M3F/7xBQuNLL5VhnBCGYn6IpMLikBFa5mUgH0mNRDBPjlyGXIAGItSSgxC5mOTt1PI+nMXvl0n3rOnYTef2vNG6KZupsiN2zE6Zwy5Yi12zNuswwWL2xJ7Zi/VovVpv1vvPaMUqdw7ZH1gf35lAlrA=</latexit><latexit sha1_base64="FIz7iwGGOiU4l40PY2rK7O8L5dY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF71FMA/ILqF30olDZh/M9AphWfArvOrJm3j1Vzz4L27WPWhinYqqbrq6/FhJQ7b9aVVWVtfWN6qbta3tnd29+v5B10SJFtgRkYp03weDSobYIUkK+7FGCHyFPX96Nfd7D6iNjMI7msXoBTAJ5VgKoFx yXR90qrNhSiob1ht20y7Al4lTkgYr0R7Wv9xRJJIAQxIKjBk4dkxeCpqkUJjV3MRgDGIKExzkNIQAjZcWmTN+khigiMeouVS8EPH3RgqBMbPAzycDoHuz6M3F/7xBQuNLL5VhnBCGYn6IpMLikBFa5mUgH0mNRDBPjlyGXIAGItSSgxC5mOTt1PI+nMXvl0n3rOnYTef2vNG6KZupsiN2zE6Zwy5Yi12zNuswwWL2xJ7Zi/VovVpv1vvPaMUqdw7ZH1gf35lAlrA=</latexit>
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Equilibrium. – We first consider the system at equi-
librium, where the chemical potential is equal to a constant
denoted as ∆µeq. Using eq. (3b), we have:
∆µeq = Ω [γ˜κ(ζeq)− U ′(ζeq)] , (6)
where ζeq(r) is the equilibrium profile. Far from the sub-
strate, where the disjoining pressure vanishes, the equi-
librium profile ζeq(r) approaches asymptotically a macro-
scopic profile ζ∞eq (r) defined as the solution of eq. (6) with
U ′(ζ∞eq ) = 0. This definition implies that the macroscopic
profile ζ∞eq (r) exhibits a constant curvature. In contrast,
in the centre of the contact, the actual equilibrium profile
is roughly flat with a vanishing curvature κ(ζeq0 ) ≈ 0 and a
constant thickness ζeq0 = ζeq(r = 0). The triple line region
is the intermediate region where the surface profile passes
from one of these asymptotic limiting profiles to the other.
Integrating eq. (6) and using eq. (5), we obtain relations
for the macroscopic equilibrium profile ζ∞eq (r). A detailed
derivation is reported in Supplementary Material. Evaluat-
ing these relations at an a priori arbitrary position r = rtl
inside the triple line region, we obtain two relations. The
first one is a radial force balance (along r) which accounts
for the usual Young-Dupre´ contact angle relation in the
small slope limit
γ˜
2
(∂rζ
∞
tl )
2 = ∆U +
∆µeq
Ω
(ζ∞eq (rtl)− ζeq0 ) +
γ0tl
rtl
, (7)
with ∆U = U(ζ →∞)− U(ζeq0 ), and γ0tl is the triple-line
tension neglecting the excess volume (see Suppl. Mat.).
The triple-line tension is the difference between the free-
energy associated to an actual configuration with a straight
triple line, and that composed of the macroscopic profile
with ζ∞eq (r) for r > rtl, and ζ(r) = ζ
eq
0 for r < rtl. The
usual form of the Young-Dupre´ relation is retrieved using
the small slope relation (∂rζ
∞
tl )
2/2 ≈ cos(θeq)− 1, where
θeq is the equilibrium contact angle.
The second relation is a force balance in the direction z
orthogonal to the substrate
Feq = pir
2
tl
∆µeq
Ω
− 2pirtlγ˜∂rζ∞eq (rtl) , (8)
where the equilibrium force Feq is obtained by inserting the
equilibrium profile ζeq(r) in eq. (5). The terms on the r.h.s.
respectively account for the cost for changing the thickness
of the film within the contact by adding or subtracting
atoms, and for the contribution of surface tension.
The two relations eqs. (5) and (7) can be used to describe
both the case of partial wetting when ∆U > 0 leading
to a finite contact angle, and the non-wetting situation
when ∆U ≤ 0. In the following, we will focus on purely
repulsive potentials with ∆U < 0. In this case, it is
convenient to choose a definition of the triple-line based
on the cancellation of the macroscopic contact angle
∂rζ
∞
eq (rtl) = 0 . (9)
Although the physical behaviour is independent of the pre-
cise definition of rtl, the expression of the corrections to the
macroscopic limit (terms bringing corrections proportional
to the inverse of the size of the crystal such as the last
terms in the r.h.s. of eqs. (7) and (8)) will depend on this
definition. Combining eqs. (8) and (9) the force Feq is
found to be proportional to the contact area pir2tl. Then,
using eq. (3a) and the definition of the supersaturation
σ = c/c0 − 1, the equilibrium pressure Peq = Feq/(pir2tl)
reads:
Peq =
kBT
Ω
ln(1 + σ) . (10)
This expression is identical to that of Correns [12]. How-
ever, as opposed to Refs. [13, 29], the pressure of crystal-
lization eq. (10) does not exhibit finite size corrections
proportional to the inverse of the size of the crystal. Such
corrections would actually appear if we had chosen a dif-
ferent definition of the contact radius rtl.
Numerical Methods. – We have investigated the
equilibrium and non-equilibrium behaviour of our model
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Fig. 2: Detachment transition. Blue curve: section of
crystal profiles along r. We have only represented the two
contact regions at the top and at the bottom, the central
part of the crystal between the two plates is not shown.
The vertical scale is enlarged for better visualisation.
a) The crystal shape conforms to the substrate for ν¯ = 10−3.
b) Detachment of the crystal surface from the wall for
ν¯ = 4× 10−2. The other parameters are identical: σ = 0.1,
d¯ = 100, and ζ¯bc ≈ 5.1.
a)
b)
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using direct numerical simulations of the model equations.
In order to perform simulations, we need to assume a
specific form of the interaction potential U(ζ). We choose
a purely repulsive potential, which has proved to provide
a fair semi-quantitative description of experiments with
sodium chlorate crystals [20] sedimented on a substrate
covered with defects or particles of height h:
U(ζ) = A
e−(ζ−h)/(hλ¯)
ζ − h . (11)
Here, λ¯h is the range of the repulsion. In our simulations,
the dimensionless repulsion range is fixed to λ¯ = 0.01.
The evolution equations eqs. (1) and (4) are solved in
a time-dependent integration domain of size r = rbc(t).
At the boundary of the integration domain, we assume
a fixed supersaturation σ = c(rbc)/c0 − 1 and impose a
constant film width ζbc = ζ(rbc). We consider large values
of ζbc  h, leading to U ′(ζbc) ≈ 0.
The surface curvature at the edge of the contact in gen-
eral depends on the growth dynamics outside the contact.
Here, we do not solve the dynamics outside the contact.
Instead, we use the simple assumption of a constant curva-
ture κbc = ζ(rbc) outside the contact. Such an assumption
is consistent with the limit of slow surface kinetics for an
isotropic crystal, where the surface shape is close to the
equilibrium constant-curvature shape. This assumption
allows for a straightforward link between the curvature and
the distance 2d between the walls. Two limiting regimes
are considered depending on the value of the radius of the
contact rbc: when rbc  d the crystal exhibits a disc-like
shape and κbc ∼ 1/d; when rbc  d the crystal shape is
close to a sphere and κbc ∼ 2/d. The results reported
below are obtained in the sphere limit, where κbc = 2/d.
Exploratory simulations for the disc shape indicate that
the qualitative behaviour is not affected.
Assuming that the dynamics outside the contact is
mainly controlled by surface kinetics we obtain the ve-
locity vl = r˙bc at which the edge of the contact expands
vl = (∂rζ(rbc))
−1
[
Ωνc0
(
1 + σ − e
Ωκbc
kBT
)]
. (12)
Equilibrium simulations and contact radius. –
The numerical determination of the contact radius rtl de-
fined by the relation eq. (9) in general requires the fitting
of the profile outside the contact region, and the evaluation
of the point where the extrapolation of the fitted profile in
the contact line region exhibits a minimum. We wish to
design a simpler procedure that would be more convenient,
especially for nonequilibrium simulations. We therefore ex-
amine the accuracy of three possible estimates L of the con-
tact radius rtl: (i) L = maxr[ζ
′′(r)]; (ii) L = minr[U ′′′(ζ)];
(iii) L = maxr[U
′′(ζ)].
To compare these estimates, we have performed equilib-
rium simulations. These simulations were started with a
flat contact of size R0. For a given supersaturation σ, we
choose κbc such that the equilibrium relation γ˜Ωκ
0
bc(σ) =
∆µeq = kBT ln(1 + σ) holds. As a consequence, from
eq. (12) vl = 0. After some short transient dynamical
evolution, the system reaches equilibrium. We found no
dependence of the results on initial conditions, and kinetic
parameters (D, ν), as expected at equilibrium.
The theoretical value of rtl at equilibrium is obtained
from eq. (5) as rtl = pi
−1/2(FeqΩ/∆µeq)1/2. In this expres-
sion, the force Feq is evaluated by inserting the equilibrium
profile ζeq(r) obtained from simulations in eq. (8). As seen
in fig. 1a, different definitions of L disagree only when L
is small, i.e. when finite size corrections come into play.
An inspection of fig. 1b reveals that the best estimate is
L = maxr[U
′′(ζ(r))]. We will use this definition in the
following. The equilibrium pressure Peq = Feq/(piL
2) eval-
uated with this definition of L is in good agreement with
the Correns expression eq. (10), as reported in fig. 1c. As
a consequence, the equilibrium force is fixed by the su-
persaturation and does not depend on the expression and
parameters of the disjoining potential eq. (11). (Addi-
tional results showing that the force is independent of the
interaction strength are provided in Suppl. Mat.).
Growth simulations. – Simulations were performed
with rescaled dimensionless model equations. Dimension-
less variables are indicated with a bar. Their detailed
definitions are summarised in Suppl. Mat.. Unless speci-
fied otherwise, the initial profile is an equilibrium profile
obtained at σ ≈ 0.047 with a size R¯0 = R0/(Γh) = 40.6,
where Γ = Ωγ˜/(kBT ).
Two main regimes are observed depending on ν¯ = νΓ/D.
For slow surface kinetics, i.e. for small ν¯, the crystal profile
grows laterally and remains flat in the contact region, as
shown in fig. 2a. In this regime, the width of the film in
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Fig. 3: Force, contact area, and pressure of crystallization
during growth. a): Normalized force of crystallization F¯
as a function of normalized time. b): Normalized contact
radius L¯, using L = maxr[U
′′(ζ(r))]. c): Corresponding
normalized non-equilibrium pressures, P¯ = F¯ /(piL¯2). In all
cases, 2d¯ = 200, σ = 0.1, ζ¯bc ≈ 8.1. The initial profile was
initially equilibrated at σ = 0.1 except for the violet and
green curves in the bottom panel which were equilibrated
at σ ≈ 0.047 leading to a different initial profile.
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⌫¯ = 2.5⇥ 10 2
<latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iKe hRhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bKR J9TP8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24yBr qxv72h+J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S4m+ A=</latexit><latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iKe hRhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bKR J9TP8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24yBr qxv72h+J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S4m+ A=</latexit><latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iKe hRhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bKR J9TP8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24yBr qxv72h+J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S4m+ A=</latexit><latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iKe hRhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bKR J9TP8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24yBr qxv72h+J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S4m+ A=</latexit>
Equilibrium
<latexit sha1_base64="EUzXN1gNxN4lIUsLt67e2aLRT5E=">AAACBnicbVDLSgNBEJz1GeMrx qOXwSB4Crsi6DEogscI5gFJCLOTTmwy+3CmRxKW3P0Kr3ryJl79DQ/+i5s1B02sU1HVTVeXHys05LqfztLyyuraem4jv7m1vbNb2CvWTWS1hJqMVKSbvjCgMIQaISloxhpE4Cto+MPLqd94AG0wCm9pH EMnEIMQ+ygFpVK3UGwTjCi5ureo0Ndog0m3UHLLbga+SLwZKbEZqt3CV7sXSRtASFIJY1qeG1MnEZpQKpjk29ZALORQDKCV0lAEYDpJln3Cj6wRFPEYNEfFMxF+byQiMGYc+OlkIOjOzHtT8T+vZal/3k kwjC1BKKeHCBVkh4zUmJYCvIcaiMQ0OXAMuRRaEIFGLqRMRZu2lE/78Oa/XyT1k7KX8pvTUuVi1kyOHbBDdsw8dsYq7JpVWY1JNmJP7Jm9OI/Oq/PmvP+MLjmznX32B87HN96NmYU=</latexit><latexit sha1_base64="EUzXN1gNxN4lIUsLt67e2aLRT5E=">AAACBnicbVDLSgNBEJz1GeMrx qOXwSB4Crsi6DEogscI5gFJCLOTTmwy+3CmRxKW3P0Kr3ryJl79DQ/+i5s1B02sU1HVTVeXHys05LqfztLyyuraem4jv7m1vbNb2CvWTWS1hJqMVKSbvjCgMIQaISloxhpE4Cto+MPLqd94AG0wCm9pH EMnEIMQ+ygFpVK3UGwTjCi5ureo0Ndog0m3UHLLbga+SLwZKbEZqt3CV7sXSRtASFIJY1qeG1MnEZpQKpjk29ZALORQDKCV0lAEYDpJln3Cj6wRFPEYNEfFMxF+byQiMGYc+OlkIOjOzHtT8T+vZal/3k kwjC1BKKeHCBVkh4zUmJYCvIcaiMQ0OXAMuRRaEIFGLqRMRZu2lE/78Oa/XyT1k7KX8pvTUuVi1kyOHbBDdsw8dsYq7JpVWY1JNmJP7Jm9OI/Oq/PmvP+MLjmznX32B87HN96NmYU=</latexit><latexit sha1_base64="EUzXN1gNxN4lIUsLt67e2aLRT5E=">AAACBnicbVDLSgNBEJz1GeMrx qOXwSB4Crsi6DEogscI5gFJCLOTTmwy+3CmRxKW3P0Kr3ryJl79DQ/+i5s1B02sU1HVTVeXHys05LqfztLyyuraem4jv7m1vbNb2CvWTWS1hJqMVKSbvjCgMIQaISloxhpE4Cto+MPLqd94AG0wCm9pH EMnEIMQ+ygFpVK3UGwTjCi5ureo0Ndog0m3UHLLbga+SLwZKbEZqt3CV7sXSRtASFIJY1qeG1MnEZpQKpjk29ZALORQDKCV0lAEYDpJln3Cj6wRFPEYNEfFMxF+byQiMGYc+OlkIOjOzHtT8T+vZal/3k kwjC1BKKeHCBVkh4zUmJYCvIcaiMQ0OXAMuRRaEIFGLqRMRZu2lE/78Oa/XyT1k7KX8pvTUuVi1kyOHbBDdsw8dsYq7JpVWY1JNmJP7Jm9OI/Oq/PmvP+MLjmznX32B87HN96NmYU=</latexit><latexit sha1_base64="EUzXN1gNxN4lIUsLt67e2aLRT5E=">AAACBnicbVDLSgNBEJz1GeMrx qOXwSB4Crsi6DEogscI5gFJCLOTTmwy+3CmRxKW3P0Kr3ryJl79DQ/+i5s1B02sU1HVTVeXHys05LqfztLyyuraem4jv7m1vbNb2CvWTWS1hJqMVKSbvjCgMIQaISloxhpE4Cto+MPLqd94AG0wCm9pH EMnEIMQ+ygFpVK3UGwTjCi5ureo0Ndog0m3UHLLbga+SLwZKbEZqt3CV7sXSRtASFIJY1qeG1MnEZpQKpjk29ZALORQDKCV0lAEYDpJln3Cj6wRFPEYNEfFMxF+byQiMGYc+OlkIOjOzHtT8T+vZal/3k kwjC1BKKeHCBVkh4zUmJYCvIcaiMQ0OXAMuRRaEIFGLqRMRZu2lE/78Oa/XyT1k7KX8pvTUuVi1kyOHbBDdsw8dsYq7JpVWY1JNmJP7Jm9OI/Oq/PmvP+MLjmznX32B87HN96NmYU=</latexit>
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 0  20000  40000  60000  80000  1000002<latexit sha1_base64="vRXi1Scd9yHQ3biZ S6QUlm/O4oc=">AAAB83icbVA9TwJBEN3DL8Qv1NJmIzGxInfEREuijSUkgiRwIXPLgBv2PrI7a0 IIv8BWKztj6w+y8L94d16h4Kte3pvJvHlBoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhrYqsFdkSsYt 0LwKCSEXZIksJeohHCQOF9ML3J/PtH1EbG0R3NEvRDmERyLAVQKrUbw2rNrbs5+CrxClJjBVrD6t dgFAsbYkRCgTF9z03In4MmKRQuKgNrMAExhQn2UxpBiMaf50EX/MwaoJgnqLlUPBfx98YcQmNmYZ BOhkAPZtnLxP+8vqXxlT+XUWIJI5EdIqkwP2SElmkDyEdSIxFkyZHLiAvQQIRachAiFW1aSSXtw 1v+fpV0G3XPrXvti1rzumimzE7YKTtnHrtkTXbLWqzDBEP2xJ7Zi2OdV+fNef8ZLTnFzjH7A+fjG xlvkTs=</latexit><latexit sha1_base64="vRXi1Scd9yHQ3biZ S6QUlm/O4oc=">AAAB83icbVA9TwJBEN3DL8Qv1NJmIzGxInfEREuijSUkgiRwIXPLgBv2PrI7a0 IIv8BWKztj6w+y8L94d16h4Kte3pvJvHlBoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhrYqsFdkSsYt 0LwKCSEXZIksJeohHCQOF9ML3J/PtH1EbG0R3NEvRDmERyLAVQKrUbw2rNrbs5+CrxClJjBVrD6t dgFAsbYkRCgTF9z03In4MmKRQuKgNrMAExhQn2UxpBiMaf50EX/MwaoJgnqLlUPBfx98YcQmNmYZ BOhkAPZtnLxP+8vqXxlT+XUWIJI5EdIqkwP2SElmkDyEdSIxFkyZHLiAvQQIRachAiFW1aSSXtw 1v+fpV0G3XPrXvti1rzumimzE7YKTtnHrtkTXbLWqzDBEP2xJ7Zi2OdV+fNef8ZLTnFzjH7A+fjG xlvkTs=</latexit><latexit sha1_base64="vRXi1Scd9yHQ3biZ S6QUlm/O4oc=">AAAB83icbVA9TwJBEN3DL8Qv1NJmIzGxInfEREuijSUkgiRwIXPLgBv2PrI7a0 IIv8BWKztj6w+y8L94d16h4Kte3pvJvHlBoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhrYqsFdkSsYt 0LwKCSEXZIksJeohHCQOF9ML3J/PtH1EbG0R3NEvRDmERyLAVQKrUbw2rNrbs5+CrxClJjBVrD6t dgFAsbYkRCgTF9z03In4MmKRQuKgNrMAExhQn2UxpBiMaf50EX/MwaoJgnqLlUPBfx98YcQmNmYZ BOhkAPZtnLxP+8vqXxlT+XUWIJI5EdIqkwP2SElmkDyEdSIxFkyZHLiAvQQIRachAiFW1aSSXtw 1v+fpV0G3XPrXvti1rzumimzE7YKTtnHrtkTXbLWqzDBEP2xJ7Zi2OdV+fNef8ZLTnFzjH7A+fjG xlvkTs=</latexit><latexit sha1_base64="vRXi1Scd9yHQ3biZ S6QUlm/O4oc=">AAAB83icbVA9TwJBEN3DL8Qv1NJmIzGxInfEREuijSUkgiRwIXPLgBv2PrI7a0 IIv8BWKztj6w+y8L94d16h4Kte3pvJvHlBoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhrYqsFdkSsYt 0LwKCSEXZIksJeohHCQOF9ML3J/PtH1EbG0R3NEvRDmERyLAVQKrUbw2rNrbs5+CrxClJjBVrD6t dgFAsbYkRCgTF9z03In4MmKRQuKgNrMAExhQn2UxpBiMaf50EX/MwaoJgnqLlUPBfx98YcQmNmYZ BOhkAPZtnLxP+8vqXxlT+XUWIJI5EdIqkwP2SElmkDyEdSIxFkyZHLiAvQQIRachAiFW1aSSXtw 1v+fpV0G3XPrXvti1rzumimzE7YKTtnHrtkTXbLWqzDBEP2xJ7Zi2OdV+fNef8ZLTnFzjH7A+fjG xlvkTs=</latexit> 4<latexit sha1_base64="9gpVF7k2y8CBIoX742RZLI7AW5Y=">AAAB83icbVA9TwJBEN3DL8Qv 1NJmIzGxIneGREuijSUkgiRwIXPLgBv2PrI7a0IIv8BWKztj6w+y8L94d16h4Kte3pvJvHlBoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhrYqsFdkSsYt0LwKCSEXZIksJeohHCQOF9ML3J/PtH1EbG0R3N EvRDmERyLAVQKrUbw2rNrbs5+CrxClJjBVrD6tdgFAsbYkRCgTF9z03In4MmKRQuKgNrMAExhQn2UxpBiMaf50EX/MwaoJgnqLlUPBfx98YcQmNmYZBOhkAPZtnLxP+8vqXxlT+XUWIJI5EdIqkwP2S ElmkDyEdSIxFkyZHLiAvQQIRachAiFW1aSSXtw1v+fpV0L+qeW/fajVrzumimzE7YKTtnHrtkTXbLWqzDBEP2xJ7Zi2OdV+fNef8ZLTnFzjH7A+fjGxyNkT0=</latexit><latexit sha1_base64="2q9rgzN23Tu/i/Mxfvs/lFwpcMY=">AAAB73icbVC7TsNAEDzzDOYV aGlOREhUkY2QoIygoQwSeUiJFa0vm3DK+WzdrZEiK19ACxUdLV9Ewb9gGxeQMNVoZlc7O2GipCXP+3TW1jc2t7ZrO+7u3v7BYd096to4NQI7Ilax6YdgUUmNHZKksJ8YhChU2Atnt4Xfe0JjZawfaJ5g EMFUy4kUQLl0fzmqN7ymV4KvEr8iDVahPap/DcexSCPUJBRYO/C9hIIMDEmhcOEOU4sJiBlMcZBTDRHaICuDLvhZaoFinqDhUvFSxN8bGUTWzqMwn4yAHu2yV4j/eYOUJtdBJnWSEmpRHCKpsDxkhZF 5A8jH0iARFMmRS80FGCBCIzkIkYtpXomb9+Evf79KuhdN32v6jdZN1UuNnbBTds58dsVa7I61WYcJhuyZvbBXJ3XenPefwTWn2jhmf+B8fAOe65AI</latexit><latexit sha1_base64="2q9rgzN23Tu/i/Mxfvs/lFwpcMY=">AAAB73icbVC7TsNAEDzzDOYV aGlOREhUkY2QoIygoQwSeUiJFa0vm3DK+WzdrZEiK19ACxUdLV9Ewb9gGxeQMNVoZlc7O2GipCXP+3TW1jc2t7ZrO+7u3v7BYd096to4NQI7Ilax6YdgUUmNHZKksJ8YhChU2Atnt4Xfe0JjZawfaJ5g EMFUy4kUQLl0fzmqN7ymV4KvEr8iDVahPap/DcexSCPUJBRYO/C9hIIMDEmhcOEOU4sJiBlMcZBTDRHaICuDLvhZaoFinqDhUvFSxN8bGUTWzqMwn4yAHu2yV4j/eYOUJtdBJnWSEmpRHCKpsDxkhZF 5A8jH0iARFMmRS80FGCBCIzkIkYtpXomb9+Evf79KuhdN32v6jdZN1UuNnbBTds58dsVa7I61WYcJhuyZvbBXJ3XenPefwTWn2jhmf+B8fAOe65AI</latexit><latexit sha1_base64="2q9rgzN23Tu/i/Mxfvs/lFwpcMY=">AAAB73icbVC7TsNAEDzzDOYV aGlOREhUkY2QoIygoQwSeUiJFa0vm3DK+WzdrZEiK19ACxUdLV9Ewb9gGxeQMNVoZlc7O2GipCXP+3TW1jc2t7ZrO+7u3v7BYd096to4NQI7Ilax6YdgUUmNHZKksJ8YhChU2Atnt4Xfe0JjZawfaJ5g EMFUy4kUQLl0fzmqN7ymV4KvEr8iDVahPap/DcexSCPUJBRYO/C9hIIMDEmhcOEOU4sJiBlMcZBTDRHaICuDLvhZaoFinqDhUvFSxN8bGUTWzqMwn4yAHu2yV4j/eYOUJtdBJnWSEmpRHCKpsDxkhZF 5A8jH0iARFMmRS80FGCBCIzkIkYtpXomb9+Evf79KuhdN32v6jdZN1UuNnbBTds58dsVa7I61WYcJhuyZvbBXJ3XenPefwTWn2jhmf+B8fAOe65AI</latexit> 6<latexit sha1_base64="5zxH0ID3h4+wtOmA8eCqzqiJp9E=">AAAB83icbVC7TsNAEDzzDOEV oKQ5ESFRRTZCQBlBQ5lI5CElVrS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbgEUlNbZIksJubBDCQGEnmNxmfucRjZWRvqdp jH4IYy1HUgClUvNyUKm6NTcHXyZeQaqsQGNQ+eoPI5GEqEkosLbnuTH5MzAkhcJ5uZ9YjEFMYIy9lGoI0fqzPOicnyYWKOIxGi4Vz0X8vTGD0NppGKSTIdCDXfQy8T+vl9Do2p9JHSeEWmSHSCrMD1l hZNoA8qE0SARZcuRScwEGiNBIDkKkYpJWUk778Ba/Xybt85rn1rzmRbV+UzRTYsfshJ0xj12xOrtjDdZigiF7Ys/sxUmcV+fNef8ZXXGKnSP2B87HNx+rkT8=</latexit><latexit sha1_base64="5zxH0ID3h4+wtOmA8eCqzqiJp9E=">AAAB83icbVC7TsNAEDzzDOEV oKQ5ESFRRTZCQBlBQ5lI5CElVrS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbgEUlNbZIksJubBDCQGEnmNxmfucRjZWRvqdp jH4IYy1HUgClUvNyUKm6NTcHXyZeQaqsQGNQ+eoPI5GEqEkosLbnuTH5MzAkhcJ5uZ9YjEFMYIy9lGoI0fqzPOicnyYWKOIxGi4Vz0X8vTGD0NppGKSTIdCDXfQy8T+vl9Do2p9JHSeEWmSHSCrMD1l hZNoA8qE0SARZcuRScwEGiNBIDkKkYpJWUk778Ba/Xybt85rn1rzmRbV+UzRTYsfshJ0xj12xOrtjDdZigiF7Ys/sxUmcV+fNef8ZXXGKnSP2B87HNx+rkT8=</latexit><latexit sha1_base64="5zxH0ID3h4+wtOmA8eCqzqiJp9E=">AAAB83icbVC7TsNAEDzzDOEV oKQ5ESFRRTZCQBlBQ5lI5CElVrS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbgEUlNbZIksJubBDCQGEnmNxmfucRjZWRvqdp jH4IYy1HUgClUvNyUKm6NTcHXyZeQaqsQGNQ+eoPI5GEqEkosLbnuTH5MzAkhcJ5uZ9YjEFMYIy9lGoI0fqzPOicnyYWKOIxGi4Vz0X8vTGD0NppGKSTIdCDXfQy8T+vl9Do2p9JHSeEWmSHSCrMD1l hZNoA8qE0SARZcuRScwEGiNBIDkKkYpJWUk778Ba/Xybt85rn1rzmRbV+UzRTYsfshJ0xj12xOrtjDdZigiF7Ys/sxUmcV+fNef8ZXXGKnSP2B87HNx+rkT8=</latexit><latexit sha1_base64="5zxH0ID3h4+wtOmA8eCqzqiJp9E=">AAAB83icbVC7TsNAEDzzDOEV oKQ5ESFRRTZCQBlBQ5lI5CElVrS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbgEUlNbZIksJubBDCQGEnmNxmfucRjZWRvqdp jH4IYy1HUgClUvNyUKm6NTcHXyZeQaqsQGNQ+eoPI5GEqEkosLbnuTH5MzAkhcJ5uZ9YjEFMYIy9lGoI0fqzPOicnyYWKOIxGi4Vz0X8vTGD0NppGKSTIdCDXfQy8T+vl9Do2p9JHSeEWmSHSCrMD1l hZNoA8qE0SARZcuRScwEGiNBIDkKkYpJWUk778Ba/Xybt85rn1rzmRbV+UzRTYsfshJ0xj12xOrtjDdZigiF7Ys/sxUmcV+fNef8ZXXGKnSP2B87HNx+rkT8=</latexit> 8<latexit sha1_base64="BgatZqLrMQfW1Jfa5dcVTn6tEfA=">AAAB83icbVDLSgNBEOz1GeMr 6tHLYBA8hV0RzDHoxWMC5gHJEmYnnThk9sFMjxBCvsCrnryJVz/Ig//i7roHTaxTUdVNV1eQKGnIdT+dtfWNza3t0k55d2//4LBydNwxsdUC2yJWse4F3KCSEbZJksJeopGHgcJuML3N/O4jaiPj6J5m Cfohn0RyLAWnVGrVh5WqW3NzsFXiFaQKBZrDytdgFAsbYkRCcWP6npuQP+eapFC4KA+swYSLKZ9gP6URD9H48zzogp1bwylmCWomFctF/L0x56ExszBIJ0NOD2bZy8T/vL6lcd2fyyixhJHIDpFUmB8 yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00rKaR/e8verpHNZ89ya17qqNm6KZkpwCmdwAR5cQwPuoAltEIDwBM/w4ljn1Xlz3n9G15xi5wT+wPn4BiLJkUE=</latexit><latexit sha1_base64="BgatZqLrMQfW1Jfa5dcVTn6tEfA=">AAAB83icbVDLSgNBEOz1GeMr 6tHLYBA8hV0RzDHoxWMC5gHJEmYnnThk9sFMjxBCvsCrnryJVz/Ig//i7roHTaxTUdVNV1eQKGnIdT+dtfWNza3t0k55d2//4LBydNwxsdUC2yJWse4F3KCSEbZJksJeopGHgcJuML3N/O4jaiPj6J5m Cfohn0RyLAWnVGrVh5WqW3NzsFXiFaQKBZrDytdgFAsbYkRCcWP6npuQP+eapFC4KA+swYSLKZ9gP6URD9H48zzogp1bwylmCWomFctF/L0x56ExszBIJ0NOD2bZy8T/vL6lcd2fyyixhJHIDpFUmB8 yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00rKaR/e8verpHNZ89ya17qqNm6KZkpwCmdwAR5cQwPuoAltEIDwBM/w4ljn1Xlz3n9G15xi5wT+wPn4BiLJkUE=</latexit><latexit sha1_base64="BgatZqLrMQfW1Jfa5dcVTn6tEfA=">AAAB83icbVDLSgNBEOz1GeMr 6tHLYBA8hV0RzDHoxWMC5gHJEmYnnThk9sFMjxBCvsCrnryJVz/Ig//i7roHTaxTUdVNV1eQKGnIdT+dtfWNza3t0k55d2//4LBydNwxsdUC2yJWse4F3KCSEbZJksJeopGHgcJuML3N/O4jaiPj6J5m Cfohn0RyLAWnVGrVh5WqW3NzsFXiFaQKBZrDytdgFAsbYkRCcWP6npuQP+eapFC4KA+swYSLKZ9gP6URD9H48zzogp1bwylmCWomFctF/L0x56ExszBIJ0NOD2bZy8T/vL6lcd2fyyixhJHIDpFUmB8 yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00rKaR/e8verpHNZ89ya17qqNm6KZkpwCmdwAR5cQwPuoAltEIDwBM/w4ljn1Xlz3n9G15xi5wT+wPn4BiLJkUE=</latexit><latexit sha1_base64="BgatZqLrMQfW1Jfa5dcVTn6tEfA=">AAAB83icbVDLSgNBEOz1GeMr 6tHLYBA8hV0RzDHoxWMC5gHJEmYnnThk9sFMjxBCvsCrnryJVz/Ig//i7roHTaxTUdVNV1eQKGnIdT+dtfWNza3t0k55d2//4LBydNwxsdUC2yJWse4F3KCSEbZJksJeopGHgcJuML3N/O4jaiPj6J5m Cfohn0RyLAWnVGrVh5WqW3NzsFXiFaQKBZrDytdgFAsbYkRCcWP6npuQP+eapFC4KA+swYSLKZ9gP6URD9H48zzogp1bwylmCWomFctF/L0x56ExszBIJ0NOD2bZy8T/vL6lcd2fyyixhJHIDpFUmB8 yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00rKaR/e8verpHNZ89ya17qqNm6KZkpwCmdwAR5cQwPuoAltEIDwBM/w4ljn1Xlz3n9G15xi5wT+wPn4BiLJkUE=</latexit> 1<latexit sha1_base64="mXwvP8UEHeiwyUZbzU0jCpwc4Q0=">AAAB9HicbVC7TsNAEFzzDOEV oKQ5ESFRRTZCgjKChjIg8pASKzpfNuGU89m6W0eKovwBLVR0iJb/oeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTcItKamySJIWd2CAPA4XtYHyT+e0JGisj/UDT GP2Qj7QcSsEple49t1+pujU3B1smXkGqUKDRr3z1BpFIQtQkFLe267kx+TNuSAqF83IvsRhzMeYj7KZU8xCtP8uTztlpYjlFLEbDpGK5iL83Zjy0dhoG6WTI6dEuepn4n9dNaHjlz6SOE0ItskMkFea HrDAyrQDZQBok4llyZFIzwQ0nQiMZFyIVk7STctqHt/j9Mmmd1zy35t1dVOvXRTMlOIYTOAMPLqEOt9CAJggYwhM8w4szcV6dN+f9Z3TFKXaO4A+cj2+H0JF0</latexit><latexit sha1_base64="mXwvP8UEHeiwyUZbzU0jCpwc4Q0=">AAAB9HicbVC7TsNAEFzzDOEV oKQ5ESFRRTZCgjKChjIg8pASKzpfNuGU89m6W0eKovwBLVR0iJb/oeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTcItKamySJIWd2CAPA4XtYHyT+e0JGisj/UDT GP2Qj7QcSsEple49t1+pujU3B1smXkGqUKDRr3z1BpFIQtQkFLe267kx+TNuSAqF83IvsRhzMeYj7KZU8xCtP8uTztlpYjlFLEbDpGK5iL83Zjy0dhoG6WTI6dEuepn4n9dNaHjlz6SOE0ItskMkFea HrDAyrQDZQBok4llyZFIzwQ0nQiMZFyIVk7STctqHt/j9Mmmd1zy35t1dVOvXRTMlOIYTOAMPLqEOt9CAJggYwhM8w4szcV6dN+f9Z3TFKXaO4A+cj2+H0JF0</latexit><latexit sha1_base64="mXwvP8UEHeiwyUZbzU0jCpwc4Q0=">AAAB9HicbVC7TsNAEFzzDOEV oKQ5ESFRRTZCgjKChjIg8pASKzpfNuGU89m6W0eKovwBLVR0iJb/oeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTcItKamySJIWd2CAPA4XtYHyT+e0JGisj/UDT GP2Qj7QcSsEple49t1+pujU3B1smXkGqUKDRr3z1BpFIQtQkFLe267kx+TNuSAqF83IvsRhzMeYj7KZU8xCtP8uTztlpYjlFLEbDpGK5iL83Zjy0dhoG6WTI6dEuepn4n9dNaHjlz6SOE0ItskMkFea HrDAyrQDZQBok4llyZFIzwQ0nQiMZFyIVk7STctqHt/j9Mmmd1zy35t1dVOvXRTMlOIYTOAMPLqEOt9CAJggYwhM8w4szcV6dN+f9Z3TFKXaO4A+cj2+H0JF0</latexit><latexit sha1_base64="mXwvP8UEHeiwyUZbzU0jCpwc4Q0=">AAAB9HicbVC7TsNAEFzzDOEV oKQ5ESFRRTZCgjKChjIg8pASKzpfNuGU89m6W0eKovwBLVR0iJb/oeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTcItKamySJIWd2CAPA4XtYHyT+e0JGisj/UDT GP2Qj7QcSsEple49t1+pujU3B1smXkGqUKDRr3z1BpFIQtQkFLe267kx+TNuSAqF83IvsRhzMeYj7KZU8xCtP8uTztlpYjlFLEbDpGK5iL83Zjy0dhoG6WTI6dEuepn4n9dNaHjlz6SOE0ItskMkFea HrDAyrQDZQBok4llyZFIzwQ0nQiMZFyIVk7STctqHt/j9Mmmd1zy35t1dVOvXRTMlOIYTOAMPLqEOt9CAJggYwhM8w4szcV6dN+f9Z3TFKXaO4A+cj2+H0JF0</latexit>
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0
<latexit sha1_base64="1iOyBLATaz1nZcLG SQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPU II+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt 0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/R qMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDN LJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9e Mvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4B hZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLG SQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPU II+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt 0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/R qMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDN LJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9e Mvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4B hZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLG SQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPU II+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt 0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/R qMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDN LJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9e Mvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4B hZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLG SQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPU II+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt 0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/R qMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDN LJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9e Mvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4B hZRkTk=</latexit>
⌫¯ = 10 3
<latexit sha1_base64="WkPaoLYYPnpJrtcutehX2jFXDYc=">AAACB3icbVC7TsNAEDyHVwiv QEqaExESDZENSNAgRdBQBok8pCRE68smnHI+W3drpMjyB/AVtFDRIVo+g4J/wQkpIDDVaGZXOzt+pKQl1/1wcguLS8sr+dXC2vrG5lZxe6dhw9gIrItQhablg0UlNdZJksJWZBACX2HTH11O/OY9GitD fUPjCLsBDLUcSAGUSb1iqeODSTo6Tvk599zb5PA47RXLbsWdgv8l3oyU2Qy1XvGz0w9FHKAmocDatudG1E3AkBQK00InthiBGMEQ2xnVEKDtJtPwKd+PLVDIIzRcKj4V8edGAoG148DPJgOgOzvvTcT /vHZMg7NuInUUE2oxOURS4fSQFUZmrSDvS4NEMEmOXGouwAARGslBiEyMs5oKWR/e/Pd/SeOo4mX8+qRcvZg1k2e7bI8dMI+dsiq7YjVWZ4KN2SN7Ys/Og/PivDpv36M5Z7ZTYr/gvH8BBtOYSg==</l atexit><latexit sha1_base64="WkPaoLYYPnpJrtcutehX2jFXDYc=">AAACB3icbVC7TsNAEDyHVwiv QEqaExESDZENSNAgRdBQBok8pCRE68smnHI+W3drpMjyB/AVtFDRIVo+g4J/wQkpIDDVaGZXOzt+pKQl1/1wcguLS8sr+dXC2vrG5lZxe6dhw9gIrItQhablg0UlNdZJksJWZBACX2HTH11O/OY9GitD fUPjCLsBDLUcSAGUSb1iqeODSTo6Tvk599zb5PA47RXLbsWdgv8l3oyU2Qy1XvGz0w9FHKAmocDatudG1E3AkBQK00InthiBGMEQ2xnVEKDtJtPwKd+PLVDIIzRcKj4V8edGAoG148DPJgOgOzvvTcT /vHZMg7NuInUUE2oxOURS4fSQFUZmrSDvS4NEMEmOXGouwAARGslBiEyMs5oKWR/e/Pd/SeOo4mX8+qRcvZg1k2e7bI8dMI+dsiq7YjVWZ4KN2SN7Ys/Og/PivDpv36M5Z7ZTYr/gvH8BBtOYSg==</l atexit><latexit sha1_base64="WkPaoLYYPnpJrtcutehX2jFXDYc=">AAACB3icbVC7TsNAEDyHVwiv QEqaExESDZENSNAgRdBQBok8pCRE68smnHI+W3drpMjyB/AVtFDRIVo+g4J/wQkpIDDVaGZXOzt+pKQl1/1wcguLS8sr+dXC2vrG5lZxe6dhw9gIrItQhablg0UlNdZJksJWZBACX2HTH11O/OY9GitD fUPjCLsBDLUcSAGUSb1iqeODSTo6Tvk599zb5PA47RXLbsWdgv8l3oyU2Qy1XvGz0w9FHKAmocDatudG1E3AkBQK00InthiBGMEQ2xnVEKDtJtPwKd+PLVDIIzRcKj4V8edGAoG148DPJgOgOzvvTcT /vHZMg7NuInUUE2oxOURS4fSQFUZmrSDvS4NEMEmOXGouwAARGslBiEyMs5oKWR/e/Pd/SeOo4mX8+qRcvZg1k2e7bI8dMI+dsiq7YjVWZ4KN2SN7Ys/Og/PivDpv36M5Z7ZTYr/gvH8BBtOYSg==</l atexit><latexit sha1_base64="WkPaoLYYPnpJrtcutehX2jFXDYc=">AAACB3icbVC7TsNAEDyHVwiv QEqaExESDZENSNAgRdBQBok8pCRE68smnHI+W3drpMjyB/AVtFDRIVo+g4J/wQkpIDDVaGZXOzt+pKQl1/1wcguLS8sr+dXC2vrG5lZxe6dhw9gIrItQhablg0UlNdZJksJWZBACX2HTH11O/OY9GitD fUPjCLsBDLUcSAGUSb1iqeODSTo6Tvk599zb5PA47RXLbsWdgv8l3oyU2Qy1XvGz0w9FHKAmocDatudG1E3AkBQK00InthiBGMEQ2xnVEKDtJtPwKd+PLVDIIzRcKj4V8edGAoG148DPJgOgOzvvTcT /vHZMg7NuInUUE2oxOURS4fSQFUZmrSDvS4NEMEmOXGouwAARGslBiEyMs5oKWR/e/Pd/SeOo4mX8+qRcvZg1k2e7bI8dMI+dsiq7YjVWZ4KN2SN7Ys/Og/PivDpv36M5Z7ZTYr/gvH8BBtOYSg==</l atexit>
⌫¯ = 10 2
<latexit sha1_base64="A9yL1qobs3XFRweD6nCdzyHEFUg=">AAACB3icbVDLSgNBEJz1GeMr mqOXwSB4MewGQS9C0IvHCOYBSQy9k04cMju7zPQKYdkP8Cu86smbePUzPPgvbmIOmlinoqqbri4/UtKS6346S8srq2vruY385tb2zm5hb79hw9gIrItQhablg0UlNdZJksJWZBACX2HTH11N/OYDGitD fUvjCLsBDLUcSAGUSb1CseODSTo6TvkF99y75KSS9golt+xOwReJNyMlNkOtV/jq9EMRB6hJKLC27bkRdRMwJIXCNN+JLUYgRjDEdkY1BGi7yTR8yo9iCxTyCA2Xik9F/L2RQGDtOPCzyQDo3s57E/E /rx3T4LybSB3FhFpMDpFUOD1khZFZK8j70iARTJIjl5oLMECERnIQIhPjrKZ81oc3//0iaVTKXsZvTkvVy1kzOXbADtkx89gZq7JrVmN1JtiYPbFn9uI8Oq/Om/P+M7rkzHaK7A+cj28FQ5hJ</latex it><latexit sha1_base64="A9yL1qobs3XFRweD6nCdzyHEFUg=">AAACB3icbVDLSgNBEJz1GeMr mqOXwSB4MewGQS9C0IvHCOYBSQy9k04cMju7zPQKYdkP8Cu86smbePUzPPgvbmIOmlinoqqbri4/UtKS6346S8srq2vruY385tb2zm5hb79hw9gIrItQhablg0UlNdZJksJWZBACX2HTH11N/OYDGitD fUvjCLsBDLUcSAGUSb1CseODSTo6TvkF99y75KSS9golt+xOwReJNyMlNkOtV/jq9EMRB6hJKLC27bkRdRMwJIXCNN+JLUYgRjDEdkY1BGi7yTR8yo9iCxTyCA2Xik9F/L2RQGDtOPCzyQDo3s57E/E /rx3T4LybSB3FhFpMDpFUOD1khZFZK8j70iARTJIjl5oLMECERnIQIhPjrKZ81oc3//0iaVTKXsZvTkvVy1kzOXbADtkx89gZq7JrVmN1JtiYPbFn9uI8Oq/Om/P+M7rkzHaK7A+cj28FQ5hJ</latex it><latexit sha1_base64="A9yL1qobs3XFRweD6nCdzyHEFUg=">AAACB3icbVDLSgNBEJz1GeMr mqOXwSB4MewGQS9C0IvHCOYBSQy9k04cMju7zPQKYdkP8Cu86smbePUzPPgvbmIOmlinoqqbri4/UtKS6346S8srq2vruY385tb2zm5hb79hw9gIrItQhablg0UlNdZJksJWZBACX2HTH11N/OYDGitD fUvjCLsBDLUcSAGUSb1CseODSTo6TvkF99y75KSS9golt+xOwReJNyMlNkOtV/jq9EMRB6hJKLC27bkRdRMwJIXCNN+JLUYgRjDEdkY1BGi7yTR8yo9iCxTyCA2Xik9F/L2RQGDtOPCzyQDo3s57E/E /rx3T4LybSB3FhFpMDpFUOD1khZFZK8j70iARTJIjl5oLMECERnIQIhPjrKZ81oc3//0iaVTKXsZvTkvVy1kzOXbADtkx89gZq7JrVmN1JtiYPbFn9uI8Oq/Om/P+M7rkzHaK7A+cj28FQ5hJ</latex it><latexit sha1_base64="A9yL1qobs3XFRweD6nCdzyHEFUg=">AAACB3icbVDLSgNBEJz1GeMr mqOXwSB4MewGQS9C0IvHCOYBSQy9k04cMju7zPQKYdkP8Cu86smbePUzPPgvbmIOmlinoqqbri4/UtKS6346S8srq2vruY385tb2zm5hb79hw9gIrItQhablg0UlNdZJksJWZBACX2HTH11N/OYDGitD fUvjCLsBDLUcSAGUSb1CseODSTo6TvkF99y75KSS9golt+xOwReJNyMlNkOtV/jq9EMRB6hJKLC27bkRdRMwJIXCNN+JLUYgRjDEdkY1BGi7yTR8yo9iCxTyCA2Xik9F/L2RQGDtOPCzyQDo3s57E/E /rx3T4LybSB3FhFpMDpFUOD1khZFZK8j70iARTJIjl5oLMECERnIQIhPjrKZ81oc3//0iaVTKXsZvTkvVy1kzOXbADtkx89gZq7JrVmN1JtiYPbFn9uI8Oq/Om/P+M7rkzHaK7A+cj28FQ5hJ</latex it>
⌫¯ = 2.5⇥ 10 2
<latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iK ehRhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bK RJ9TP8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24 yBrqxv72h+J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S 4m+A=</latexit><latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iK ehRhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bK RJ9TP8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24 yBrqxv72h+J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S 4m+A=</latexit><latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iK ehRhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bK RJ9TP8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24 yBrqxv72h+J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S 4m+A=</latexit><latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iK ehRhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bK RJ9TP8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24 yBrqxv72h+J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S 4m+A=</latexit>
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0.08
<latexit sha1_base64="mVZsZDQq6tG4SdZAO TEi/Xaf3uo=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIREikjaCiDRB5SYkXryyY55fzQ3RoRW fkFWqjoEC2/Q8G/YBsXkDDNjmZ2tbvjRUoasu1Pq7S2vrG5Vd6u7Ozu7R9UD486Joy1wLYIVah7Hhh UMsA2SVLYizSC7ynserObzO8+oDYyDO5pHqHrwySQYymAMsmu241htZaWHHyVOAWpsQKtYfVrMApF 7GNAQoExfceOyE1AkxQKF5VBbDACMYMJ9lMagI/GTfJbF/wsNkAhj1BzqXgu4u+JBHxj5r6XdvpAU7 PsZeJ/Xj+mccNNZBDFhIHIFpFUmC8yQss0BOQjqZEIssuRy4AL0ECEWnIQIhXjNJVKmoez/P0q6Vz UHbvu3F3WmtdFMmV2wk7ZOXPYFWuyW9ZibSbYlD2xZ/ZiPVqv1pv1/tNasoqZY/YH1sc3cBmR7Q==< /latexit><latexit sha1_base64="mVZsZDQq6tG4SdZAO TEi/Xaf3uo=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIREikjaCiDRB5SYkXryyY55fzQ3RoRW fkFWqjoEC2/Q8G/YBsXkDDNjmZ2tbvjRUoasu1Pq7S2vrG5Vd6u7Ozu7R9UD486Joy1wLYIVah7Hhh UMsA2SVLYizSC7ynserObzO8+oDYyDO5pHqHrwySQYymAMsmu241htZaWHHyVOAWpsQKtYfVrMApF 7GNAQoExfceOyE1AkxQKF5VBbDACMYMJ9lMagI/GTfJbF/wsNkAhj1BzqXgu4u+JBHxj5r6XdvpAU7 PsZeJ/Xj+mccNNZBDFhIHIFpFUmC8yQss0BOQjqZEIssuRy4AL0ECEWnIQIhXjNJVKmoez/P0q6Vz UHbvu3F3WmtdFMmV2wk7ZOXPYFWuyW9ZibSbYlD2xZ/ZiPVqv1pv1/tNasoqZY/YH1sc3cBmR7Q==< /latexit><latexit sha1_base64="mVZsZDQq6tG4SdZAO TEi/Xaf3uo=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIREikjaCiDRB5SYkXryyY55fzQ3RoRW fkFWqjoEC2/Q8G/YBsXkDDNjmZ2tbvjRUoasu1Pq7S2vrG5Vd6u7Ozu7R9UD486Joy1wLYIVah7Hhh UMsA2SVLYizSC7ynserObzO8+oDYyDO5pHqHrwySQYymAMsmu241htZaWHHyVOAWpsQKtYfVrMApF 7GNAQoExfceOyE1AkxQKF5VBbDACMYMJ9lMagI/GTfJbF/wsNkAhj1BzqXgu4u+JBHxj5r6XdvpAU7 PsZeJ/Xj+mccNNZBDFhIHIFpFUmC8yQss0BOQjqZEIssuRy4AL0ECEWnIQIhXjNJVKmoez/P0q6Vz UHbvu3F3WmtdFMmV2wk7ZOXPYFWuyW9ZibSbYlD2xZ/ZiPVqv1pv1/tNasoqZY/YH1sc3cBmR7Q==< /latexit><latexit sha1_base64="mVZsZDQq6tG4SdZAO TEi/Xaf3uo=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIREikjaCiDRB5SYkXryyY55fzQ3RoRW fkFWqjoEC2/Q8G/YBsXkDDNjmZ2tbvjRUoasu1Pq7S2vrG5Vd6u7Ozu7R9UD486Joy1wLYIVah7Hhh UMsA2SVLYizSC7ynserObzO8+oDYyDO5pHqHrwySQYymAMsmu241htZaWHHyVOAWpsQKtYfVrMApF 7GNAQoExfceOyE1AkxQKF5VBbDACMYMJ9lMagI/GTfJbF/wsNkAhj1BzqXgu4u+JBHxj5r6XdvpAU7 PsZeJ/Xj+mccNNZBDFhIHIFpFUmC8yQss0BOQjqZEIssuRy4AL0ECEWnIQIhXjNJVKmoez/P0q6Vz UHbvu3F3WmtdFMmV2wk7ZOXPYFWuyW9ZibSbYlD2xZ/ZiPVqv1pv1/tNasoqZY/YH1sc3cBmR7Q==< /latexit>
<latexit sha1_base64="vBLQb3k1/edmgS2j2 cSogNpW0ws=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKDpfNuGU80N3a1Bk5 RNooaJDtHwPBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+N6h kiE2SpLATa+SBr7DtT64yv/2A2sgovKNpjP2Aj0M5koKTlW7dmjeoVN2am4MtEq8gVSjQGFS+esNI JAGGJBQ3puu5MfVTrkkKhbNyLzEYczHhY+xaGvIATT/No87YcWI4RSxGzaRiuYi/N1IeGDMNfDsZcL o3814m/ud1Expd9FMZxglhKLJDJBXmh4zQ0naAbCg1EvEsOTIZMsE1J0ItGRfCioktpWz78Oa/XyS t05pny7s5q9Yvi2ZKcAhHcAIenEMdrqEBTRAwhid4hhfn0Xl13pz3n9Elp9g5gD9wPr4B9NCRrA==< /latexit><latexit sha1_base64="vBLQb3k1/edmgS2j2 cSogNpW0ws=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKDpfNuGU80N3a1Bk5 RNooaJDtHwPBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+N6h kiE2SpLATa+SBr7DtT64yv/2A2sgovKNpjP2Aj0M5koKTlW7dmjeoVN2am4MtEq8gVSjQGFS+esNI JAGGJBQ3puu5MfVTrkkKhbNyLzEYczHhY+xaGvIATT/No87YcWI4RSxGzaRiuYi/N1IeGDMNfDsZcL o3814m/ud1Expd9FMZxglhKLJDJBXmh4zQ0naAbCg1EvEsOTIZMsE1J0ItGRfCioktpWz78Oa/XyS t05pny7s5q9Yvi2ZKcAhHcAIenEMdrqEBTRAwhid4hhfn0Xl13pz3n9Elp9g5gD9wPr4B9NCRrA==< /latexit><latexit sha1_base64="vBLQb3k1/edmgS2j2 cSogNpW0ws=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKDpfNuGU80N3a1Bk5 RNooaJDtHwPBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+N6h kiE2SpLATa+SBr7DtT64yv/2A2sgovKNpjP2Aj0M5koKTlW7dmjeoVN2am4MtEq8gVSjQGFS+esNI JAGGJBQ3puu5MfVTrkkKhbNyLzEYczHhY+xaGvIATT/No87YcWI4RSxGzaRiuYi/N1IeGDMNfDsZcL o3814m/ud1Expd9FMZxglhKLJDJBXmh4zQ0naAbCg1EvEsOTIZMsE1J0ItGRfCioktpWz78Oa/XyS t05pny7s5q9Yvi2ZKcAhHcAIenEMdrqEBTRAwhid4hhfn0Xl13pz3n9Elp9g5gD9wPr4B9NCRrA==< /latexit><latexit sha1_base64="vBLQb3k1/edmgS2j2 cSogNpW0ws=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKDpfNuGU80N3a1Bk5 RNooaJDtHwPBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+N6h kiE2SpLATa+SBr7DtT64yv/2A2sgovKNpjP2Aj0M5koKTlW7dmjeoVN2am4MtEq8gVSjQGFS+esNI JAGGJBQ3puu5MfVTrkkKhbNyLzEYczHhY+xaGvIATT/No87YcWI4RSxGzaRiuYi/N1IeGDMNfDsZcL o3814m/ud1Expd9FMZxglhKLJDJBXmh4zQ0naAbCg1EvEsOTIZMsE1J0ItGRfCioktpWz78Oa/XyS t05pny7s5q9Yvi2ZKcAhHcAIenEMdrqEBTRAwhid4hhfn0Xl13pz3n9Elp9g5gD9wPr4B9NCRrA==< /latexit>
⌫¯ = 10 3
<latexit sha1_base64="WkPaoLYYPnpJrtcutehX2jFXDYc=">AAACB3icbVC7TsNAEDyHVwivQE qaExESDZENSNAgRdBQBok8pCRE68smnHI+W3drpMjyB/AVtFDRIVo+g4J/wQkpIDDVaGZXOzt+pKQl1/1wcguLS8sr+dXC2vrG5lZxe6dhw9gIrItQhablg0UlNdZJksJWZBACX2HTH11O/OY9GitDfUPjC LsBDLUcSAGUSb1iqeODSTo6Tvk599zb5PA47RXLbsWdgv8l3oyU2Qy1XvGz0w9FHKAmocDatudG1E3AkBQK00InthiBGMEQ2xnVEKDtJtPwKd+PLVDIIzRcKj4V8edGAoG148DPJgOgOzvvTcT/vHZMg7NuI nUUE2oxOURS4fSQFUZmrSDvS4NEMEmOXGouwAARGslBiEyMs5oKWR/e/Pd/SeOo4mX8+qRcvZg1k2e7bI8dMI+dsiq7YjVWZ4KN2SN7Ys/Og/PivDpv36M5Z7ZTYr/gvH8BBtOYSg==</latexit><latexit sha1_base64="WkPaoLYYPnpJrtcutehX2jFXDYc=">AAACB3icbVC7TsNAEDyHVwivQE qaExESDZENSNAgRdBQBok8pCRE68smnHI+W3drpMjyB/AVtFDRIVo+g4J/wQkpIDDVaGZXOzt+pKQl1/1wcguLS8sr+dXC2vrG5lZxe6dhw9gIrItQhablg0UlNdZJksJWZBACX2HTH11O/OY9GitDfUPjC LsBDLUcSAGUSb1iqeODSTo6Tvk599zb5PA47RXLbsWdgv8l3oyU2Qy1XvGz0w9FHKAmocDatudG1E3AkBQK00InthiBGMEQ2xnVEKDtJtPwKd+PLVDIIzRcKj4V8edGAoG148DPJgOgOzvvTcT/vHZMg7NuI nUUE2oxOURS4fSQFUZmrSDvS4NEMEmOXGouwAARGslBiEyMs5oKWR/e/Pd/SeOo4mX8+qRcvZg1k2e7bI8dMI+dsiq7YjVWZ4KN2SN7Ys/Og/PivDpv36M5Z7ZTYr/gvH8BBtOYSg==</latexit><latexit sha1_base64="WkPaoLYYPnpJrtcutehX2jFXDYc=">AAACB3icbVC7TsNAEDyHVwivQE qaExESDZENSNAgRdBQBok8pCRE68smnHI+W3drpMjyB/AVtFDRIVo+g4J/wQkpIDDVaGZXOzt+pKQl1/1wcguLS8sr+dXC2vrG5lZxe6dhw9gIrItQhablg0UlNdZJksJWZBACX2HTH11O/OY9GitDfUPjC LsBDLUcSAGUSb1iqeODSTo6Tvk599zb5PA47RXLbsWdgv8l3oyU2Qy1XvGz0w9FHKAmocDatudG1E3AkBQK00InthiBGMEQ2xnVEKDtJtPwKd+PLVDIIzRcKj4V8edGAoG148DPJgOgOzvvTcT/vHZMg7NuI nUUE2oxOURS4fSQFUZmrSDvS4NEMEmOXGouwAARGslBiEyMs5oKWR/e/Pd/SeOo4mX8+qRcvZg1k2e7bI8dMI+dsiq7YjVWZ4KN2SN7Ys/Og/PivDpv36M5Z7ZTYr/gvH8BBtOYSg==</latexit><latexit sha1_base64="WkPaoLYYPnpJrtcutehX2jFXDYc=">AAACB3icbVC7TsNAEDyHVwivQE qaExESDZENSNAgRdBQBok8pCRE68smnHI+W3drpMjyB/AVtFDRIVo+g4J/wQkpIDDVaGZXOzt+pKQl1/1wcguLS8sr+dXC2vrG5lZxe6dhw9gIrItQhablg0UlNdZJksJWZBACX2HTH11O/OY9GitDfUPjC LsBDLUcSAGUSb1iqeODSTo6Tvk599zb5PA47RXLbsWdgv8l3oyU2Qy1XvGz0w9FHKAmocDatudG1E3AkBQK00InthiBGMEQ2xnVEKDtJtPwKd+PLVDIIzRcKj4V8edGAoG148DPJgOgOzvvTcT/vHZMg7NuI nUUE2oxOURS4fSQFUZmrSDvS4NEMEmOXGouwAARGslBiEyMs5oKWR/e/Pd/SeOo4mX8+qRcvZg1k2e7bI8dMI+dsiq7YjVWZ4KN2SN7Ys/Og/PivDpv36M5Z7ZTYr/gvH8BBtOYSg==</latexit>
⌫¯ = 10 2
<latexit sha1_base64="A9yL1qobs3XFRweD6nCdzyHEFUg=">AAACB3icbVDLSgNBEJz1GeMrmq OXwSB4MewGQS9C0IvHCOYBSQy9k04cMju7zPQKYdkP8Cu86smbePUzPPgvbmIOmlinoqqbri4/UtKS6346S8srq2vruY385tb2zm5hb79hw9gIrItQhablg0UlNdZJksJWZBACX2HTH11N/OYDGitDfUvjC LsBDLUcSAGUSb1CseODSTo6TvkF99y75KSS9golt+xOwReJNyMlNkOtV/jq9EMRB6hJKLC27bkRdRMwJIXCNN+JLUYgRjDEdkY1BGi7yTR8yo9iCxTyCA2Xik9F/L2RQGDtOPCzyQDo3s57E/E/rx3T4LybS B3FhFpMDpFUOD1khZFZK8j70iARTJIjl5oLMECERnIQIhPjrKZ81oc3//0iaVTKXsZvTkvVy1kzOXbADtkx89gZq7JrVmN1JtiYPbFn9uI8Oq/Om/P+M7rkzHaK7A+cj28FQ5hJ</latexit><latexit sha1_base64="A9yL1qobs3XFRweD6nCdzyHEFUg=">AAACB3icbVDLSgNBEJz1GeMrmq OXwSB4MewGQS9C0IvHCOYBSQy9k04cMju7zPQKYdkP8Cu86smbePUzPPgvbmIOmlinoqqbri4/UtKS6346S8srq2vruY385tb2zm5hb79hw9gIrItQhablg0UlNdZJksJWZBACX2HTH11N/OYDGitDfUvjC LsBDLUcSAGUSb1CseODSTo6TvkF99y75KSS9golt+xOwReJNyMlNkOtV/jq9EMRB6hJKLC27bkRdRMwJIXCNN+JLUYgRjDEdkY1BGi7yTR8yo9iCxTyCA2Xik9F/L2RQGDtOPCzyQDo3s57E/E/rx3T4LybS B3FhFpMDpFUOD1khZFZK8j70iARTJIjl5oLMECERnIQIhPjrKZ81oc3//0iaVTKXsZvTkvVy1kzOXbADtkx89gZq7JrVmN1JtiYPbFn9uI8Oq/Om/P+M7rkzHaK7A+cj28FQ5hJ</latexit><latexit sha1_base64="A9yL1qobs3XFRweD6nCdzyHEFUg=">AAACB3icbVDLSgNBEJz1GeMrmq OXwSB4MewGQS9C0IvHCOYBSQy9k04cMju7zPQKYdkP8Cu86smbePUzPPgvbmIOmlinoqqbri4/UtKS6346S8srq2vruY385tb2zm5hb79hw9gIrItQhablg0UlNdZJksJWZBACX2HTH11N/OYDGitDfUvjC LsBDLUcSAGUSb1CseODSTo6TvkF99y75KSS9golt+xOwReJNyMlNkOtV/jq9EMRB6hJKLC27bkRdRMwJIXCNN+JLUYgRjDEdkY1BGi7yTR8yo9iCxTyCA2Xik9F/L2RQGDtOPCzyQDo3s57E/E/rx3T4LybS B3FhFpMDpFUOD1khZFZK8j70iARTJIjl5oLMECERnIQIhPjrKZ81oc3//0iaVTKXsZvTkvVy1kzOXbADtkx89gZq7JrVmN1JtiYPbFn9uI8Oq/Om/P+M7rkzHaK7A+cj28FQ5hJ</latexit><latexit sha1_base64="A9yL1qobs3XFRweD6nCdzyHEFUg=">AAACB3icbVDLSgNBEJz1GeMrmq OXwSB4MewGQS9C0IvHCOYBSQy9k04cMju7zPQKYdkP8Cu86smbePUzPPgvbmIOmlinoqqbri4/UtKS6346S8srq2vruY385tb2zm5hb79hw9gIrItQhablg0UlNdZJksJWZBACX2HTH11N/OYDGitDfUvjC LsBDLUcSAGUSb1CseODSTo6TvkF99y75KSS9golt+xOwReJNyMlNkOtV/jq9EMRB6hJKLC27bkRdRMwJIXCNN+JLUYgRjDEdkY1BGi7yTR8yo9iCxTyCA2Xik9F/L2RQGDtOPCzyQDo3s57E/E/rx3T4LybS B3FhFpMDpFUOD1khZFZK8j70iARTJIjl5oLMECERnIQIhPjrKZ81oc3//0iaVTKXsZvTkvVy1kzOXbADtkx89gZq7JrVmN1JtiYPbFn9uI8Oq/Om/P+M7rkzHaK7A+cj28FQ5hJ</latexit>
⌫¯ = 2.5⇥ 10 2
<latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iKeh RhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bKRJ9TP 8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24yBrqxv72h+ J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S4m+A=</latexi t><latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iKeh RhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bKRJ9TP 8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24yBrqxv72h+ J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S4m+A=</latexi t><latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iKeh RhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bKRJ9TP 8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24yBrqxv72h+ J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S4m+A=</latexi t><latexit sha1_base64="gOtQwl5L3G5D2ty/XT6f4eg5QNA=">AAACEXicbVDLSgNBEJyN7/iKeh RhMAheDLtB0YsgevEYwUQhG0Pv2IlDZmeXmV4hLDn5CX6FVz15E69+gQf/xUnMwVediqpuqruiVElLvv/uFSYmp6ZnZueK8wuLS8ulldWGTTIjsC4SlZjLCCwqqbFOkhRepgYhjhReRL2ToX9xi8bKRJ9TP 8VWDF0tO1IAOald2ggjMHmoswE/5NXKXkgyRssD/yrfqQ7apbJf8Ufgf0kwJmU2Rq1d+givE5HFqEkosLYZ+Cm1cjAkhcJBMcwspiB60MWmoxpcWCsfvTHgW5kFSniKhkvFRyJ+38ghtrYfR24yBrqxv72h+ J/XzKhz0MqlTjNCLYZBJBWOgqww0vWD/FoaJILh5cil5gIMEKGRHIRwYuYKK7o+gt/f/yWNaiVw/Gy3fHQ8bmaWrbNNts0Cts+O2CmrsToT7I49sEf25N17z96L9/o1WvDGO2vsB7y3T8S4m+A=</latexi t>
Equilibrium
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the contact region is close to the equilibrium value h. In
contrast, the crystal detaches from the substrate for faster
interface kinetics, i.e. larger values of ν¯. This situation
is shown in fig. 2b: after a transient initial growth of the
contact region with film thickness is ∼ h, the contact line
is pinned, a macroscopic film forms leaving a small contact
patch in the centre.
These two different regimes give rise to different be-
haviours of the crystallization force. For slow attachment
kinetics, the contact radius grows linearly in time, and
the crystallisation force F is proportional to the contact
area piL2. As a consequence, the crystallization pressure
P = F/(piL2) reaches a constant asymptotically. This
asymptotic value is close to the equilibrium prediction
eq. (10), as shown in fig. 3(c) with ν¯ = 10−3 (the small
fluctuations of the pressure are spurious and are caused
by our numerical procedure, which expands the simulation
box on a fixed discretization grid). For fast attachment
kinetics, the crystallization force first increases, and then
decreases to zero after detachment. This behaviour is
shown in fig. 3a with ν¯ = 2.5 × 10−2. The decrease of
the force can be traced back to the slow dissolution of
the remaining contact patch after detachment. Such a
dissolution is due to the excess of chemical potential of the
contact patch, which cumulates high curvature regions and
repulsive disjoining pressures as compared to the rest of
the crystal. The decrease of the size of the contact patch is
indeed seen in fig. 3b. As the force drops, the equilibrium
pressure decreases to zero. The decrease of the pressure
P = F/piL2 is a non-trivial statement since both F and L
decrease. The origin of the decrease of P is the increase
of the film thickness under the remaining contact patch
during its slow dissolution, which leads to a decrease of
the disjoining pressure U ′(ζ).
Just before the threshold, when ν¯ is slightly lower than
the value for which the macroscopic film forms, no detach-
ment transition is observed. However, the crystallization
pressure appears to reach a constant which is significantly
lower than the equilibrium value. Such a case is reported
in fig. 3 for ν¯ = 10−2. A detailed inspection of the profile
ζ in these simulations reveals that the film thickness under
the crystal indeed reaches a value which is slightly larger
than the equilibrium value, giving rise to smaller disjoin-
ing forces U ′(ζ), and consequently to lower crystallization
pressures. The long-time behaviour in all regimes is found
to be independent of the initial profile, as shown e.g. by
the violet and green curves in fig. 3c. Globally, the details
of the initial shape are not relevant as long as a flat contact
is present2.
Discussion. – The two regimes revealed by simula-
tions can be understood from a qualitative discussion of the
competition between diffusion and surface kinetics. When
surface kinetics is slow as compared to diffusion, diffusion
makes the concentration in the liquid homogeneous. This
leads to a homogeneous supersaturation along the surface of
the crystal and, in particular, in the contact region. Within
the contact, this supersaturation balances the repulsive
part of the disjoining pressure. A local equilibrium then
results in the contact, giving rise to a film thickness and a
crystallisation pressure in agreement with the equilibrium
predictions. In contrast, when surface kinetics is faster,
the growth process occurs so fast that diffusion cannot
make the supersaturation homogeneous. As a consequence,
different parts of the crystal surface are subject to different
supersaturations. In particular, if a part of the crystal
surface is closer to the source of the supersaturation, which
in our case is outside the contact region, then this part can
grow faster than other parts. Faster growth outside the
contact region, where the crystal surface is farther from
the substrate, leads to the detachment transition.
2Such initial condition is not necessarily produced by a growth
process and can result from dissolution, or by squeezing an existing
crystal between two plates.
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Fig. 4: Detachment transition. Normalized film thickness
ζ¯f at the edge of the contact as a function of the Damko¨hler
number Da = ν/(Dκbc). The vertical dashed line indicates
the expected threshold Da = 1. a) ζ¯f for various normal-
ized pore sizes d¯, and film widths ζ¯bc at the edge of the
simulated contact region. The supersaturation outside the
contact zone is fixed to σ = 1. b) ζ¯f for different values
of supersaturation σ with fixed d¯ = 100 and ζ¯bc = 12.5. c)
(Inset of b) time-evolution of the crystallization pressure
above the detachment transition (Da = 1.1) for different
supersaturations.
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The competition between diffusion kinetics and surface
kinetics is quantified by a dimensionless number, usually
called the Damko¨hler number [30]. For convenience, we
use the definition
Da = ν
Dκbc
. (13)
In order to perform a quantitative analysis of the thresh-
old of the transition, we measure the film thickness ζf ,
defined as the thickness at the value of r where ∂rrζ(r) is
minimum. Before the transition, the curvature is always
positive, and this corresponds to the film thickness under
the crystal where the curvature vanishes, ζf ≈ h. After the
detachment transition, this definition coincides with point
where the surface of the crystal is the most concave in the
zone that connects the remaining patch and the film (this
definition leads to a slight underestimation the thickness of
the macroscopic film). The measurement of the film thick-
ness reveals that the competition between diffusion kinetics
and surface kinetics is characterized by the dimensionless
Damko¨hler number introduced above, eq. (13): indeed, as
shown in fig. 4, the transition is found to occur at Da ≈ 1.
The results were obtained at large integration times to
avoid transient behaviours. The transition threshold is
found to be independent of the thickness at the boundary
ζ¯bc (fig. 4a). Additional numerical results shown in fig. 4b
confirm the negligible effect of the supersaturation at the
boundary of the contact region on the transition. However,
the supersaturation affects significantly the relaxation time
to reach the asymptotic pressure. In particular, as illus-
trated by fig. 4c, the decrease of P above the transition
is slower as σ is decreased. We wish to stress on the fact
that the criterion for the detachment transition Da > 1,
which leads to the drop of the crystallisation force, is not
only independent of supersaturation, but also independent
of the details of the repulsion potential (as long as the
disjoining pressure is repulsive), and of surface tension.
This is purely a kinetic balance.
In the Hele-Shaw geometry discussed here, κbc ∼ 1/d and
the detachment transition should appear for Da = dν/D ∼
1. In the case of salt, the reported kinetic constants span a
large range of values [31], from 10−5 to 10−3ms−1. Assum-
ing ν = 10−3m s−1 [17, 32] and D ≈ 10−9m2s−1 [33], we
obtain that the critical pore size above which a drop in the
(nonequilibrium) crystallization force should be observed,
is 2d ≈ 1µm. Such an order of magnitude can be discussed
within the frame of recent crystallization force experiment
by Naillon et al. [17]. These authors found an extremely
small crystallization pressure in channels with square cross-
section 5× 5µm (and channel lengths > 100µm). However,
their interpretation of this drop is based on the decrease
of the supersaturation in the vicinity of the crystal due to
the limitation of the diffusion-mediated transport in the
channel far from the crystal. In contrast, our claim is that
even in the absence of any drop of the supersaturation in
the vicinity of the crystal, the crystallization force should
drop. Furthermore, to a first approximation, the effect of
this drop could be accounted for by a slow decrease of the
supersaturation σ in the vicinity of the crystal. Since, as
discussed above, the instability threshold is independent
of σ, we expect that this slow decrease will not affect the
instability threshold. However, a precise understanding of
the effect of the boundary conditions for a given geometry
would require to solve the diffusion field not only in the
contact region, but also outside it.
Experiments of halite growth in a 600× 100µm PMDS
channel reported by Sekine et al [34] found an inhomoge-
neous force localized at rims emerging from facet corners.
The differences between these observations and our model
could originate in the softness or permeability of the PDMS
substrate.
In other recent experiments, Desarnaud et al. [16] grew
salt crystals between two glass plates with a larger sepa-
ration 2d ≈ 50µm. These experiments produce a pressure
of crystallization consistent with the equilibrium formula.
Since in these experiments the crystals reached zero lateral
growth, equilibrium might have been reached before the de-
tachment transition. These results again call for a detailed
analysis of the time-dependence of the supersaturation at
the boundary of the contact region.
Finally, experiments have also been performed with cal-
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cite crystals [35] which are much less soluble than salts.
Using ν = 10−6m s−1 [36] and D ≈ 10−9m2s−1 [37], the
critical pore size rises to 2d ≈ 1mm. Hence, calcite crys-
tals could produce large crystallization forces even in large
pores. However, a quantitative discussion is difficult due
to the uncertainty in the quantitative experimental mea-
surements of ν [36].
The detachment transition itself is a consequence of
diffusion-limited growth, which produces other well-studied
instabilities such as the Mullins-Sekerka instability giving
rise to dendrites, or Hopper growth. Hopper growth with
salt crystals, giving rise to very small contact areas between
the crystal and the surrounding walls has been recently
observed in capillaries of width∼ 100µm [38]. These results
suggest that complex morphological instabilities should
come into play when the width of the pores is increased
beyond the value for which the detachment transition
occurs.
Conclusions. – In this work we have investigated
the nonequilibrium force of crystallization exerted by a
growing crystal between two parallel walls. Assuming
that a liquid film is maintained by repulsive disjoining
forces between the crystal and the walls, we showed that
two main nonequilibrium regimes are expected. When
surface kinetics is slow, the crystal surface is homogeneously
supersaturated, and the growth conforms to the shape of
the substrate. The crystallization pressure is then close to
the equilibrium value fixed by the imposed supersaturation.
In contrast, when surface kinetics is faster as compared
to transport by diffusion, the supersaturation becomes
inhomogeneous. This favours faster growth outside the
contact, and leads to a detachment transition accompanied
with a drop of the crystallisation force. Our results suggest
that crystals with fast surface kinetics cannot sustain large
forces of crystallization when growing in large pores.
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